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Many novel methods have been proposed for mapping time series into complex networks.

Although some dynamical behaviors can be effectively captured by existing approaches, the

preservation and tracking of the temporal behaviors of a chaotic system remains an open problem.

In this work, we extended the visibility graphlet approach to investigate both discrete and

continuous chaotic time series. We applied visibility graphlets to capture the reconstructed local

states, so that each is treated as a node and tracked downstream to create a temporal chain link. Our

empirical findings show that the approach accurately captures the dynamical properties of chaotic

systems. Networks constructed from periodic dynamic phases all converge to regular networks and

to unique network structures for each model in the chaotic zones. Furthermore, our results show

that the characterization of chaotic and non-chaotic zones in the Lorenz system corresponds to the

maximal Lyapunov exponent, thus providing a simple and straightforward way to analyze chaotic

systems. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4951681]

There have been many recent advances in methods for

analyzing chaotic time series from the viewpoint of com-

plex networks. Although existing approaches such as re-

currence plots and visibility graphs can capture some

dynamical behaviors, we must still develop simple and ro-

bust methods that can preserve the temporal behaviors of

deterministic systems. In this work, we extend the

recently proposed visibility graphlet approach to analyze

non-trivial behaviors embedded in chaotic time series.

Our empirical findings from discrete (Henon and logistic

maps) and continuous (Lorenz system) models show that

the approach translates the series into a temporal net-

work of networks that entirely preserves both their struc-

tural and dynamical behaviors. Furthermore, our results

show that the quantitative universality of the period-

doubling bifurcation, births of period-3 cycles in the

logistic map, intermittency, and the fractal nature of a

chaotic series can be visually captured by mapping it into

a complex network.

I. INTRODUCTION

Over the past few decades, chaotic motions observed in

deterministic systems have attracted interdisciplinary atten-

tion because they occur in physical, chemical, biological, ec-

ological, physiological, and social systems.1 As a result, we

must understand chaos to explain various phenomena across

numerous domains. Although bifurcation diagrams and other

mathematically intense approaches have been extensively

used to explain chaos, we must develop simple and robust

methods that preserve the dynamic behaviors embedded in a

complex system.

One such approach that has gained substantial accep-

tance across interdisciplinary domains is the use of complex

networks.2–4 Consequently, a number of approaches have

been proposed to convert time series into complex networks.

Zhang et al.5–7 constructed a complex network from a

pseudo periodic time series in which any cycle pairs satisfy-

ing a correlation threshold are connected. Xu et al.8–10 pro-

posed linking each node with a predefined number of its

closest neighbors. In Refs. 11 and 12, series segments with a

predefined length were taken as nodes and linked according

to the strength of their correlation. This is a special case of

the widely used recurrence networks approach.13–22 Lacasa

et al.23–28 proposed a family of visibility graph algorithms.

Each of these approaches was quickly adopted and exten-

sively used to extract information embedded in time series,

including chaotic series.29–32

However, these approaches do not capture the temporal

information of the series. Some interesting concepts have

been proposed to monitor dynamics embedded in a time

series (e.g., ordinal partition networks) and were summarized

in a recent paper by McCullough et al.33 However, more

research is required to overcome this problem. The visibility

graphlet was recently proposed to mine the dynamical charac-

teristics of a time series.34 Monitoring the dynamical process

of a complex system produces an output series from which

one can extract all the series segments with a predefined

length. Each of these is taken as representative of the system

state corresponding to the specific time interval. The segment

is then mapped to a visibility graphlet by linking each pair of

elements if they are visible to each other. Linking distin-

guished graphlets that occur successively leads to a network

of visibility graphlets. Detailed works on fractional Brownian

motions and stock market observations showed that the visi-

bility graphlet is a powerful approach and can reliably reveal

the dynamical behaviors of a complex system.

a)Authors to whom correspondence should be addressed. Electronic

addresses: gu_changgui@163.com and hjyang@ustc.edu.cn
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In this paper, we applied this method to monitor temporal

behaviors of deterministic systems that require detailed and

systematic tests because they are significantly different from

previously investigated stochastic processes. This paper thus

seeks to extend and validate the visibility graphlet approach

by investigating its ability to preserve the dynamical nature of

chaotic series. Most chaotic systems tend to transit from

periodic phases to chaotic regimes through period doubling,

Feigenbaum scenarios, intermittency transitions, quasi perio-

dicity, and/or crisis approaches.35 Therefore, we hypothesize

that the number of states constructible from such a system

should increase significantly in chaotic zones, in a manner

similar to the positive Lyapunov exponent. Consequently, var-

ious typical points can be easily identified and analyzed in

terms of the dynamics of the constructed networks.

Our results indicate that the visibility graphlet approach

accurately captures and preserves the evolving temporal fea-

tures of both discrete (logistic and Henon maps) and continu-

ous (Lorenz flow) chaotic systems. The scaling behaviors of

the various typical values show that a chaotic dynamical sys-

tem exhibits a strong fractal behavior during the chaotic

zones. However, whereas the discrete chaotic systems are

persistent during the onset to chaos, the continuous system

exhibits an anti-persistence that reflects the intermittency,

during which the system is neither chaotic nor periodic.

Furthermore, the constructed complex networks indicate that

all the series convert to regular networks (ring-like struc-

tures), similar to the results obtained by McCullough and

others33 when using ordinal partition networks (which retain

the temporal information of continuous dynamical systems).

Conversely, the periodic zones (islands) between chaotic

zones translate to regular networks in discrete maps, but they

convert to a random network for the Lorenz system.

II. METHODS AND MATERIALS

A. Chaotic series

We used three classical models to generate the time series

data used in this work. These included two discrete maps

(Henon and logistic) and a continuous flow model (Lorenz

system). To ensure consistency across all the models, each of

the series was of length 11 000 and the first 103 transient val-

ues were truncated (as in a related study by Xu et al.8). When

simulating the Lorenz system, we used a time step of 0.01 s

and a sampling rate of 8, implying that the time interval

between successive samplings was 0:01 s� 8 ¼ 0:08 s.

Accordingly, for window sizes of 6, 7, and 8, the correspond-

ing time intervals were 0.40 s, 0.48 s, and 0.56 s. We also cal-

culated time intervals when using a sampling rate of 1. This

was guided by the practical method proposed by Cao,39 which

is extensively used to determine minimum embedding dimen-

sions and time delays for scalar time series. In that paper, the

author illustrated the method using a Lorenz system with iden-

tical parameter values. It is found that if one uses a sampling

rate of 15 and a time step 0.01 s, the minimum embedding

dimension is 3. Each vector in the reconstructed phase-space

covers a time interval of 0:01 s� 15� ð3� 1Þ ¼ 0:30.

Hence, the selected parameter values can guarantee that the

windows are sufficiently large and reasonable. More detailed

formal definitions for each of the models are given in the re-

spective results sections, for ease of reference and coherence.

B. Visibility graphlet analysis

For a given time series, we can extract all the series seg-

ments with a predefined length as representatives of the states

in the corresponding time durations. We then use the visibility

algorithm to further map each representative of a state into an

adjacency matrix (graphlet). We now briefly describe this

approach but more details can be found in Ref. 34.

Sliding a window of size w along time series Y ¼
fy1; y2;…; yNg results in Yk ¼ fyk; ykþ1;…; ykþw�1g, where

k ¼; 1; 2;…;N � wþ 1. Given two values yi and yj (i< j),
the two elements are visible if all the values between them

(i.e., yk (i< k< j)) satisfy

yk � yi þ yj � yið Þ:
j� k

j� i
: (1)

In each resulting segment Yk, if any pair of elements are visi-

ble, they are linked by an edge.23 The generated visibility

graphlets contain vital structural features and fully describe

the states of the complex system over time.

The visibility graphlet corresponding to the k’th segment

can be represented by an adjacency matrix, gk, where the ele-

ment gkða� k þ 1; b� k þ 1Þ equals 1(0) if the correspond-

ing pair of elements (ya and yb) in the segment are visible

(invisible). Here, the identification numbers of the nodes cor-

responding to ya and yb are set to a� k þ 1 and b� k þ 1, to

ensure that they are in the interval [1, w], resulting in a w by

w matrix. Covering the whole series, we obtain a set of adja-

cency matrices, G ¼ fg1; g2;…; gN�wþ1g.
Consequently, we define a state transfer network to

describe the transfer probabilities between distinguishable

states. In the time series, if a state at time b occurs immedi-

ately after another state at time a, a directional link is con-

structed from ga to gb. The link represents a transfer from

one state to the other state, resulting in a state chain with

directional links as indicated by

g1 ! g2 ! � � � ! gN�wþ1: (2)

We scan through G comparing each state with the

others. If any two states are identical (their adjacency matri-

ces are the same), we replace the later one with the reference

state. For instance, if g1¼ g6, the state g6 is replaced with g1.

This procedure is applied iteratively for all states. The survi-

vors are unique states, which are defined as nodes. By deter-

mining the number of links between each pair of the nodes

(survival states), we can obtain the weight of the link

between them. Consequently, the time series is mapped to a

directed and weighted “network of networks” of distinguish-

able states (state transfer network), so that all possible net-

work established computations can be performed on

demand. The steps of the visibility graphlet algorithm are

summarized and illustrated in Fig. 1.

However, the key challenge is selecting the appropriate

window size for the phase space reconstruction. Reference

34 contains a detailed discussion of this problem. For a
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chaotic process, the window size can be simply selected to

be equal to or larger than the embedded dimension of the

time series in the phase space reconstruction framework.

Linking successive distinguished graphlets provides a natural

way to track a dynamic process. This successive occurrence

is physically much more meaningful than an artificially

defined proximity based on a mathematically calculated

distance.

III. RESULTS AND DISCUSSION

A. Preserving dynamic properties

1. Henon map

The Henon map is a discrete dissipative system that was

proposed by Henon36 and is formally defined as

xnþ1 ¼ 1� ax2
n þ yn;

ynþ1 ¼ bxn:
(3)

The map depends on two parameters, a and b. In the

classical map, a¼ 1.4 and b¼ 0.3 represent a chaotic system.

For other parameter values, the model may be chaotic, inter-

mittent, or periodic. Using a as the control parameter, we

studied the behavior of the map using the graphlet approach.

Figure 2 presents our results when using the initial values

x0 ¼ y0 ¼ 0:5.

Figure 2 shows various interesting zones marked with let-

ters (a–h), during which various system dynamics occurred.

Each of these sections is mapped into a Henon map (corre-

sponding to the section letter) shown on the right of Fig. 2.

The map is stable for values 1:01 � a � 1:09 ((a) and (b)

of Fig. 2) when the system is periodic. When a � 1:1, the pe-

riod doubles, increasing the number of states and leading to the

onset of chaos. The period doubling occurs at an increased rate,

and there is a continuous increase in the number of states ((c)

of Fig. 2). At a � 1:15, the system becomes chaotic, which

persists until a ¼ 1:22 (d) when the system enters a lengthy

periodic window between 1:23 � a � 1:27 ((e) in Fig. 2). This

periodic state tends to occur for most initial values of x and y,

before the system returns to the chaotic zone (f) and slows to

a ¼ 1:3 (g), dependent on the initial condition. Some initial

conditions may result in a total periodic window at a ¼ 1:3,

but others do not and perturbations are observable. The system

remains chaotic ((h) in Fig. 2) and then the values rapidly

increase to infinity for all values of a � 1:44.

2. Lorenz system

First proposed by Edward Lorenz to explain the convec-

tion in the earth’s atmosphere,37 the Lorenz system is a set

of three ordinary differential equations defined as

dx

dt
¼ r y� xð Þ;

dy

dt
¼ x q� zð Þ � y;

dz

dt
¼ xy� bz:

(4)

Here, x, y, and z define the system state; t is the time;

and r; q, and b are the system parameters. Lorenz proposed

and used the classical parameter values r¼ 10, q¼ 28, and

b¼ 8/3, during which the system is in chaos. We used the

adaptive 4th and 5th order Runge-Kutta method to solve the

differential equations38 and used q as the control parameter

(which varied between 13 and 150).

Figure 3 shows the dynamical properties of the model

when using various window sizes for different typical points

(shown in the subplots labeled (a–f)). For the early values

13 � q � 17, the system is stable between two fixed points

but the periodicity increases with q. For instance, at values

FIG. 1. Constructing a network from

an initial time series after normaliza-

tion, using the visibility graphlet

approach. The window size (w¼ 3) is

used for illustration purposes only.
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17 < q � 20, the number of nodes increases significantly

compared with the previous stable values, and a strange attrac-

tor is briefly observed. At q¼ 19, intermittent chaos (charac-

terized by a sudden increase of states in Fig. 3) is observed

before returning to a stable state within 20 < q � 23 (see

Fig. 3 for the decreased states). The system enters a chaotic

state for values beyond q¼ 24, typified by a constant high

number of states. This continues with increasing values of q,

except for 92�q�93; 99<q�101; 132<q�133, and

q>146, during which the system experiences periodic win-

dows characterized by sudden decreases in the number of

states irrespective of the window size.

Lyapunov exponents are commonly used to determine

the state of a deterministic system, in which a positive expo-

nent indicates chaos. Figure 4 compares the results obtained

using the visibility graphlet approach and the largest

Lyapunov exponent calculated according to Ref. 40. Figure

4(a) shows that the number of constructible states depends on

the state of the system, a phenomenon observed in Fig. 4(b)

when using the largest Lyapunov exponents. Furthermore, to

ensure the system is independent of the window size, we ran

the system with window sizes 6, 7, and 8 and a sampling rate

of 8. Figure 4(c) shows the results and indicates that there is a

similar trend to Fig. 4(a) (in which the sampling rate was 1)

and Fig. 4(b) (the maximal Lyapunov exponents method).

Although there are a reduced number of states for each win-

dow size, it is notable that the approach produces accurate

results that agree with the system dynamics despite the delay

and embedding dimension parameters. The proposed approach

thus reliably retains the system dynamics of a chaotic series

and can be used as a tool for mining modeled chaotic data and

real data with a chaotic nature.

3. Logistic map

The logistic map was first proposed by May41 to predict

insect populations at time tþ Dt. Many researchers have

studied its complicated dynamics and universality. Formally,

the logistic equation is

xtþ1 ¼ rxtð1� xtÞ: (5)

We investigated the node frequency of the model using

the initial value x0 ¼ 0:4, letting r vary between 0 and 4.

For 0 < r < 1; n!1, and any x0 2 ½0; 1�, the system

settles to a single fixed point that is characterized by a single

node when using the visibility graphlet approach (Fig. 5).

For 1 < r < 3, the system settles to two fixed values. This

phenomenon corresponds to only two states in the visibility

graphlet approach. For r¼ 3, first, pitchfork bifurcations

occur and develop into similar individual occurrences

throughout the system, and the period-two cycles are

FIG. 2. Preserving the structure of a Henon map. In (i), the left graph is subdivided to reflect changes when applying the graphlet approach. On the right, the

map’s significant changes (as observed in the bifurcation diagram) are matched to corresponding parts of the left side. In (ii), typical values are selected from

each of the subdivisions, and an orbit diagram shows the corresponding evolutionary behavior.

FIG. 3. Preserving the dynamic properties of Lorenz’s system. Various

dynamic states are represented by various numbers of constructible states

using window sizes of 6, 7, and 8, and a sampling rate of 1. The marked sec-

tions show that the system properties are preserved regardless of the window

size, as shown for the initial stages of the system (a, b), onset to chaos (c),

chaotic zones (d), and “islands” between the chaotic zones (e, f).
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replaced with higher period cycles. The graphlet approach

accurately captures this onset of the quantitative universality

of the period-doubling bifurcation using an increase in the

number of states. This is shown in Fig. 5 and continues to

r < 1þ
ffiffiffi
6
p
� 3:449. Faster period doublings continue,

before the system converges to a critical point rc � 3:56,

during which the system is chaotic for most values of r > rc.

This phenomenon corresponds to a high number of construc-

tible states in Fig. 5.

However, islands of stability are observed at r¼ 3.74

and 3:82 � r � 3:84, as illustrated in the bifurcation diagram

to the right of Fig. 5 and the plot on the left (graphlet

approach). The last stable period is the longest, which is a

prominent 3-cycle window that occurs via a tangent bifurca-

tion at r ¼ 1þ
ffiffiffi
8
p

. This marks the start of higher period

cycles and corresponds with a sudden decrease in the number

of states in the graphlet approach. These results agree with

various other studies.42–45

B. Network structural properties

In this section, we explore the various global and local

properties of the three chaotic model networks. We analyzed

the topological properties of each network to see if they can

be used to differentiate the dynamics of the systems.

Furthermore, we evaluated how well the overall system dy-

namics captured the temporal behaviors of the series by

exploring the scaling properties of their motifs.

1. Topological properties

The frequency that a node occurs is called its degree.

The proposed method results in a directed weighted network,

so each node has an in-degree, out-degree, and weighted

degree. The weighted degree is also referred to as the node

strength and is the sum of weights attached to the ties that

belong to a node.46 A hub node has a significantly larger

degree than the other nodes. Hubs are easily determined, but

they may be common in even randomly shuffled models and

FIG. 4. Comparing the frequency of

states realized using the visibility

graphlet approach and the maximum

Lyapunov exponent. In (a), various

window sizes sampled at time steps of

0.01 s and a rate of 1 show sudden

decreases in the significant points. This

is similar to (b), which corresponds to

the maximal Lyapunov exponents and

is positive during chaotic states and

negative for various periodic windows

of the Lorenz system. A sample rate of

8 (as indicated in (c)) produced quali-

tatively similar results to (a) and (b).

FIG. 5. Preserving the dynamic properties of the logistic system. Compares the

structural properties of the logistic model with respect to a bifurcation diagram

on the left with the results from the graphlet visibility approach using a sliding

window size of w¼ 9. The arrows mark critical values where the system

assumes different states. r¼ 3 and r¼ 3.45 correspond to period doubling and

r¼ 3.74 and 3:82 � r � 3:84 are periodic windows between chaotic zones.
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thus have less non-trivial characteristics. If a node’s degree

in the original time series is significantly larger than that in a

shuffled time series, the node is called a motif47,48 and can

be used as a global representation of the system.

The diameter of a network is the shortest distance

between the two most distant nodes in the network. It is sim-

ply the longest of all the calculated path lengths. It is a mea-

sure of the density of a network. A disconnected network has

an infinite diameter.

Using these global network properties, we studied the

three chaotic models to see if, when combined with the aver-

age path length, they can appropriately distinguish between

the various zones of a dynamic system. Table I contains a

summary of four typical points for each model, which corre-

spond to a bifurcation, the onset of chaos, a chaotic zone,

and a periodic window.

It is clear that the structural properties are not sufficient to

distinguish between various states of a chaotic series. The aver-

age weighted degree varies appropriately and perhaps would

be the best metric in this case. However, it is directly propor-

tional to the number of nodes. Therefore, we should not need-

lessly implement additional computations for something that is

readily observable. Further, the visual characteristics of the net-

works present a rather interesting scenario, as shown in Fig. 6.

When all the models reach a period doubling stage, the con-

structed networks are regular and have ring structures (Figs.

6(a1), 6(b1), and 6(c1)). Thus, there is a clustering coefficient

of 0. During chaotic states, the networks are characterized by

the existence of hubs and several low degree nodes, as seen in

Figs. 6(a4), 6(b4), and 6(c4). Similarly, the discrete maps

(Henon and logistic) converge to a regular ring network during

TABLE I. Summary of various topological structural properties of the con-

structed networks of the three models for three typical values during which

the system exhibits period doubling (bifurcation), the onset of chaos, chaos,

or occasional periodic windows (the window size is w¼ 6).

Av. Av.

weighted path

Nodes degree length

Model Parameter Model status frequency Diameter hwi hli

Lorenz q¼ 14 Homoclinic

bifurcation

4 3 2498.25 2

q¼ 21 Onset to chaos 22 10 464.44 5.09

q¼ 25 Chaos 119 8 83.98 4.10

q¼ 100 Aperiodic window 58 12 172.29 5.278

Logistic r¼ 3.45 Periodic doubling 4 3 2498.25 2

r¼ 3.6 Onset to chaos 7 4 1284.571 2.381

r¼ 3.99 Chaos 48 8 187.354 4.097

r¼ 3.84 Periodic window 3 2 2997.67 1.5

Henon a¼ 1 Periodic doubling 4 3 2498.25 2

a ¼ 1:14 Onset to chaos 11 8 817.545 3.4

a ¼ 1:42 Chaos 54 10 166.537 4.688

a ¼ 1:24 Periodic window 7 6 1284.714 3.5

FIG. 6. State transfer networks of chaos models for a window size of w¼ 6, where weak links with weights less than 50 were removed. The networks in (a1),

(b1), and (c1) have network structures similar to the periodic states of the Henon, logistic, and Lorenz systems, respectively. (a2), (b2), and (c2) show the mod-

els for typical values during which periodic windows occur between chaotic zones. (a3), (b3), and (c3) show the onset of chaos, and (a4), (b4), and (c4) show

the states in chaotic zones.
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the periodic cycles, as shown in Figs. 6(a2) and 6(b2).

However, the Lorenz model results in a network that is similar

to the chaotic state, with hubs exhibiting strong self-loops (Fig.

6(c2)). Additionally, although the constructed networks vary

globally when using different sampling rates, qualitatively the

temporal behaviors have similar characteristics. When the sam-

pling rate was 8, the constructed networks for periodic and cha-

otic zones all converged to a simple star topology. However,

when the period doubled, a ring structure was again observed.

The star networks are also characterized by hubs that exhibit

strong self-loops, especially in the chaotic zones. During the

onset to chaos, all the models present unique properties charac-

terized by a transition from period doubling into chaos. For

instance, both maps have strong similarities to period doubling

networks, as seen in the nodes of closed cycles (e.g., 1! 2!
3! 4! 1 in Fig. 6(a3) and 2! 5! 6! 7! 2 in Fig.

6(b3)). However, the Lorenz model indicates an increase in

states, because two main hubs (nodes 4 and 10) appear and

seem to control the network in Fig. 6(c3).

2. Scaling properties

Each of these constructed nodes is a culmination of the

diffusion trajectory of unique subgraphs (visibility graphlets)

along the time series. They retain the local connectivity and

behaviors of the system at any given point and thus represent

the temporality within the series. A natural question that arises

is whether these temporally occurring series retain the univer-

sally known characteristics of chaotic series. To address this,

we computed and analyzed the scaling properties of typical

values within the series to test for the long-term memory that

is expected with chaotic series.

Many researchers have reported self-similar structures

in time series from diverse applications (see, e.g., Ref. 49).

Chaotic series are characterized by fractality and universal-

ity, so we studied the scaling properties of motifs from the

various states of the three models. As previously mentioned,

although hubs are easily observed, their existence may be or-

dinary and equally observable in null models. However, if a

given state occurs much more frequently in the original time

series than in the shuffled time series, the state represents a

special global feature of the series and is referred to as a

motif.
We investigated the scaling behavior of the motifs using

re-scaled range analysis (R/S).50 We can record the positions

of a specified motif and denote them by xk; k ¼ 1; 2;…;M,

where M is the frequency at which the motif occurs. The

incremental series is xkþ1 � xk; k ¼ 1; 2;…;M � 1. All pos-

sible segments with length n are Xj 	 ðxjþ1 � xj; xjþ2

�xjþ1;…;xjþn � xjþn�1Þ; j ¼ 1; 2;…;M � n. The corre-

sponding accumulated departures for the jth segment can be

constructed using

UjðiÞ 	
Xi

w¼1

½XjðwÞ � hXji� ¼ xjþi � xj �
i

n
ðxjþn � xjÞ;

i ¼ 1; 2;…; n: (6)

The re-scaled range is estimated using

R=S nð Þ 	 hRj=Sj nð Þi ¼ 1

M � n

XM�n

j¼1

max Uj 1ð Þ;Uj 2ð Þ;…;Uj nð Þ
� �

� min Uj 1ð Þ;Uj 2ð Þ;…;Uj nð Þ
� �

std Xjð Þ : (7)

If there exists scale invariance in these positions, we have

R=SðnÞ 
 nd, where d is the Hurst exponent. The results are

presented in Fig. 6 for different states of the three chaotic

models, that is, onset to chaos, chaos, and Lorenz’s aperiodic

window.

The models have periodic cycles during the initial stages

of the systems. They all converge to two fixed points charac-

terized by cyclic regular networks (see Figs. 6(a1), 6(b1),

and 6(c1)) in which the systems are highly predictable. The

Henon and logistic maps converge to periodic zones of dif-

ferent cycles, illustrated by different regular networks. The

Henon settles to an increased number of states (from 4 to 7),

as shown in Fig. 6(a2), but the logistic has a lower number

of states (3) that all occur deterministically, as shown in Fig.

6(b2). However, the Lorenz system has a unique characteris-

tic that it is neither chaotic nor periodic. Figure 6(c2) shows

that the network has two main highly attractive hubs and sev-

eral equal degree nodes. Furthermore, the identified motifs

are very random with unpredictable scalability, as shown in

Figs. 7(d1) and 7(d2). This corresponds to the intermittency

of the Lorenz system, which behaves almost periodically for

some time and then behaves chaotically before returning to

the periodic state. This continues infinitely and randomly

and is seen in Fig. 7(d1) for motifs 1 and 2, and Fig. 7(d2)

for motifs 3 and 4.

At the onset to chaos, Henon motifs are fractal with

Hurst exponents of 0.57, 0.55, 0.58, and 0.57 for motifs 1 to

4, respectively, as shown in Fig. 7(a1). The same phenom-

enon is observed in the logistic map with exponents of 0.64,

0.63, 0.58, and 0.63 for the four motifs, as shown in Fig.

7(b1). However, the Lorenz system is anti-persistent and

almost random, as observed in Fig. 7(c1). These motifs have

Hurst exponents of 0.44, 0.46, 0.4, and 0.37 for motifs 1 to 4,

respectively. Chaos is characterized by fractality and univer-

sality. This can be seen in the scaling behavior of the three

models (Figs. 7(a2) to 7(c2)), which have various persistent

motifs. The Henon map has motifs with exponents of 0.6,

0.71, 0.57, and 0.54 (Fig. 7(a2)), the logistic map has motifs

with exponents of 0.73, 0.57, 0.45, and 0.75 (Fig. 7(b2)), and

the Lorenz system has motifs with exponents of 0.69, 0.63,

0.55, and 0.63 (Fig. 7(c2)). From these results, it is evident

that the visibility graphlet approach completely preserves the
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structural and internal properties of a chaotic series.

Although the number of constructible states is comparable to

a bifurcation diagram and the largest Lyapunov exponent,

the obtained scaling properties are representative of the inter-

nal structure of the system.

IV. CONCLUSION

We used the visibility graphlet approach to show that

various structural and dynamical features of discrete and

continuous chaotic models can be preserved using complex

networks. The well-known properties of the logistic map

were clearly expressed, including pitchfork bifurcations, pe-

riod doublings, the onset of chaos, and chaos. For r¼ 3, the

initial bifurcations occurred and moved from fixed point

attractors to 2k cycles, which increase with r. As expected,

periodic islands occurred between chaotic states. The longest

was observed during [3.82, 3.84], when period-3 cycles

began. Chaos was characterized by a strong fractal nature

demonstrated by a motif with a maximum Hurst exponent of

0.75.

The 2D Henon map is characterized by a period dou-

bling route to chaos, similar to the logistic map. It experi-

enced a lengthy periodic window for 1:23 � a � 1:27,

during which the system was periodic and had a cyclic regu-

lar network with a clustering coefficient of zero. However, at

a � 1:3, the system was intermittent, characterized by

incomplete chaos (corresponding to the Lorenz model with

q � 100). Similarly, chaos was very persistent when the

leading Hurst exponent was 0.71.

The dynamic characteristics of the Lorenz system are

typified by a varying number of constructed nodes, similar to

discrete models. Although the system remained stable before

the initial homoclinic bifurcation at q � 14, it became

FIG. 7. Persistent behaviors of the

motifs for the Henon, logistic, and

Lorenz systems for various states and a

window size of w¼ 6. (a1), (b1), and

(c1) show the three models at the onset

of chaos; (a2), (b2), and (c2) corre-

spond to the chaotic state, and (d1) and

(d2) demonstrate the randomness dur-

ing the periodic window of the Lorenz

System, which is neither chaotic nor

periodic.
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periodic for 13 < q � 17. However, an increase in q caused

a significant increase in the number of attractors, and at

q > 24, the system became chaotic (characterized by a sud-

den increase in the number of network nodes). We can

observe this state in the scaling behaviors of the motifs that

have Hurst exponents that satisfy H> 0.5. Nonetheless, peri-

odic windows were observed at values such as q � 92 and

99 < q < 101. In the latter case, the system was intermittent

before it returned to a chaotic state. Other similar windows

occurred during 132 < q < 134 and q > 146, which were

also observed in Ref. 51.

These results were observed when using sampling rates

of 8 and 1 and qualitatively follow the same trend as a plot

of the maximal Lyapunov exponents. This corresponds to

the various numbers of constructible states when using the

visibility graphlet, similar to results obtained using ordinal

partitions.33 A positive exponent corresponds to regions that

have a large number of constructible states, and a negative

exponent corresponds to sudden decreases. However, the

continuous nature of the network means that different sam-

pling rates may result in structurally different complex net-

works and various global network metrics. Nevertheless, the

qualitative temporal features of the system are retained and

the constructible states serve as an indicator of the system

dynamics, regardless of the parameters.

In summary, we proposed a graphlet approach that can

be used to understand chaotic time series. We extended ear-

lier work34 and showed that the approach can accurately pre-

serve the dynamic and topological features of chaotic series.

This provides a method for constructing complex networks

from chaotic time series and supplements the commonly

used Lyapunov exponent when detecting the presence of

chaos. Therefore, we can construct complex networks with-

out imposing an artificial threshold using visibility graphlets

to capture the local states and identify their occurrences.
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