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DEFINITION OF TERMS

Asymptomatic Infectious TB

Basic Reproduction Number

Co-infection

Control Reproduction Number

Endemic

Epidemic

Epidemiology

Latent TB Infection

Pulmonary TB

Refers to a condition where an individual has pul-
monary TB but does not exhibit any symptoms

typically associated with the disease.

It is the average number of secondary infections
caused by an index case in a completely suscep-

tible population.

This is the simultaneous infection of the same host
with two or more different pathogens leading to

co-existence of pathogens in a population.

It is the average number of secondary infected
cases due to each infectious case in the presence

of control measures such as vaccination.

Refers to constant prevalence of a disease in a

population within a geographical area.

This is widespread occurrence of disease in a pop-

ulation at a particular time.

The study of the determinants, occurrence, and

distribution of disease in a defined population.

Refers to a condition where a person carries the
bacteria that cause tuberculosis in their body, but

the bacteria are in an inactive or dormant state.

It is a form of tuberculosis that primarily affects
the lungs caused by the bacterium Mycobacterium

tuberculosis.

xii



Symptomatic TB Refers to a condition where an individual with tu-
berculosis shows clinical signs and symptoms of
the disease, such as persistent cough, chest pain,

fever, night sweats, fatigue, or weight loss.
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ABSTRACT

Pulmonary tuberculosis is one of the leading infectious diseases causing mortality world-
wide, and its impact is exacerbated by opportunistic infections such as pneumonia. The
lethal synergism between pulmonary tuberculosis and pneumonia contributes to increased
mortality in endemic regions. Existing models of pulmonary tuberculosis do not incorpo-
rate the screening of asymptomatic infectious individuals, despite their significant con-
tribution to disease transmission within the population. Additionally, these models do
not account for the impact of natural immunity in controlling or reducing the spread of
infections. The aim of this study was to model pulmonary tuberculosis and pneumonia
co-infection incorporating an asymptomatic infectious component and natural immunity.
The study objectives included: formulating a pulmonary tuberculosis model that incor-
porates an asymptomatic infectious component and natural immunity; formulating a co-
infection model that also incorporates an asymptomatic infectious component and natural
immunity; determining the reproduction numbers for analyzing the formulated models;
and investigating the effects of varying model parameters on the control of pulmonary tu-
berculosis. A population-based compartmental approach was employed to formulate the
models, from which differential equations were derived. The progression from latent in-
fection to pulmonary tuberculosis disease was modeled using Holling’s saturation term to
account for natural immunity. The Next-Generation Matrix method was used to determine
reproduction numbers, while stability was analyzed using the Routh—Hurwitz criteria, the
Castillo-Chavez method, and Lyapunov functions. Sensitivity analyses of the reproduction
numbers in relation to the model parameters were conducted using the normalized sensi-
tivity index method. The model equations were solved numerically using fourth- and fifth-
order Runge-Kutta methods in MATLAB software to identify effective intervention strate-
gies for significantly reducing disease transmission. Secondary data from National Tuber-
culosis, Leprosy, and Lung Disease Program (NTLLDP) in Kenya were utilized to perform
numerical simulations, with 2022 data serving as the initial conditions. The co-infection
model was fitted to NTLLDP prevalence data from 2012 to 2022 using the fminsearch al-
gorithm in MATLAB software to estimate specific parameters. The results predicted that
combining vaccination, screening, and treatment for all forms of pulmonary tuberculosis
is the most effective intervention for reducing transmission. Enhancing natural immunity,
increasing screening rates for latently infected individuals, and improving vaccine efficacy
were also shown to reduce the co-infected population. Specifically, a 10% increase in vac-
cine efficacy was predicted to reduce co-infections by 6.67%, while the same increase in
the screening rate for latent infections reduced them by 6.73%. Furthermore, doubling the
screening rate for individuals with asymptomatic infectious pulmonary tuberculosis was
shown to reduce the population with severe co-infections and those undergoing treatment
for severe conditions by 53.2%. These findings offer valuable guidance to healthcare of-
ficials in making informed decisions about screening latently infected and asymptomatic
infectious tuberculosis patients, thereby contributing to the fight against epidemics of this
disease. The results also underscore the importance of accurate diagnosis and effective
treatment of tuberculosis and pneumonia co-infections, which contribute to reducing infec-
tion transmission. Lastly, the study emphasizes the need to enhance the natural immunity
of latently infected individuals to reduce disease progression and transmission.
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CHAPTER ONE: INTRODUCTION

1.1 Background Information

This section presents background information on pulmonary tuberculosis and pneumonia as
major public health concerns. It also examines the role of natural immunity in tuberculosis
transmission and outlines key mathematical epidemiological modeling approaches relevant
to the study. Finally, it highlights the significance of the research within national and global
development frameworks, with particular reference to Kenya Vision 2030 and the United
Nations Sustainable Development Goals.

1.1.1 Tuberculosis

Tuberculosis (TB) is a disease that primarily affects the lungs but can also impact other
parts of the body, such as the brain, kidneys, bones, and spine. Pulmonary TB specifically
affects the lungs, while extra-pulmonary TB, which is non-infectious, affects other areas
of the body (Nyerere et al., 2016). In this research, contagious pulmonary TB was consid-
ered, as it is one of the leading causes of morbidity and mortality globally. According to
the World Health Organization (WHO) fact sheet for 2024, in 2023, 10.8 million people
worldwide fell ill with pulmonary TB, and about 1.2 million succumbed to the disease.
Furthermore, the fact sheet asserts that each year, an average of 10 million people globally
contract pulmonary TB, with approximately 15% losing their lives despite the availability
of effective treatment and affordable prevention strategies aimed at halting its transmis-
sion.

The glaring public health threat posed by pulmonary TB underscores the urgent need to
intensify efforts to control its global spread. Notably, a significant knowledge gap persists
in controlling or reducing pulmonary TB transmission, particularly in sub-Saharan Africa
(World Health Organization, 2025). In addition to the failure to address the resurgence of
pulmonary TB, researchers have attributed this knowledge gap to an overly simplistic view
of its transmission mechanisms (Wilcox and Colwell, 2019). This suggests that effectively
addressing the challenge of pulmonary TB requires a precise description of its transmission
mechanisms, which can be achieved through new conceptual frameworks and the develop-

ment of improved theories and models.



For a long time, the description of pulmonary TB transmission mechanisms has primar-
ily relied on censored medical surveillance data, which are not entirely accurate (Dowdy
et al., 2017). However, mathematical modeling, which combines the power of multivari-
ate data analysis with the realism of complex epidemiological dynamical systems, offers
a promising alternative (Wilcox and Colwell, 2019). Recognizing the potential of mathe-
matical modeling provides an opportunity to understand the underlying causes of the recent
increase in pulmonary TB incidences. Consequently, accurately describing pulmonary TB
transmission mechanisms through mathematical modeling is essential for developing effec-
tive strategies to combat its spread. This realization motivated the current research study,
which aimed to provide a realistic depiction of pulmonary TB transmission mechanisms
and to formulate new mathematical models.

Pulmonary TB is caused by bacteria known as Mycobacterium tuberculosis. These bacteria
are airborne and spread from one person to another when individuals with pulmonary TB
cough, sneeze, spit, talk, laugh, or sing, releasing TB germs into the air. When inhaled,
these germs can cause infection. Infected individuals may develop symptoms, including
coughing with sputum, chest pains, weakness, weight loss, fever, and night sweats (World
Health Organization, 2020a). However, researchers estimate that about one-quarter of the
world’s population is infected with pulmonary TB but shows no symptoms, a condition
known as latent TB infection (Barry et al., 2019). Individuals with latent TB are neither in-
fectious nor clinically ill, but if left untreated, they may progress to pulmonary TB disease.
Preventing the progression of latent TB infection to pulmonary TB disease reduces the risk
of further transmission within the population (Madhukar et al., 2016). This study, there-
fore, investigated the effects of screening latently infected individuals on the transmission
of pulmonary TB using mathematical modeling approach.

Although approximately one-quarter of the world’s population is latently infected with TB,
some individuals with pulmonary TB are asymptomatic but infectious in its early stages. As
a result, they delay seeking healthcare, leading to limited treatment options and adverse so-
cial and economic consequences (World Health Organization, 2015). This was confirmed

by the National TB Prevalence Survey report of 2016 in Kenya, which revealed that 26% of



the prevalent cases diagnosed during the survey were asymptomatic, infectious, and did not
seek medical care (National Tuberculosis, Leprosy and Lung Disease Program, 2016). Ad-
ditionally, a study conducted by the European Centre for Disease Prevention and Control in
2018 showed that several individuals not only had a positive chest X-ray for pulmonary TB
before developing symptoms but were also infectious (Verver et al., 2018). Furthermore, a
report by (World Health Organization, 2025) asserts that approximately 50% of people with
pulmonary TB detected through global prevalence surveys are asymptomatic. The presence
of asymptomatic infectious patients underscores the need for tracing and quarantining con-
tacts of infected individuals based on localized pulmonary tuberculosis epidemiology.
Asymptomatic infectiousness plays a significant role in the spread of contagious diseases
such as pulmonary TB, as infections can be transmitted within the population undetected
(Mathur and Narayan, 2018). Therefore, efforts to eradicate pulmonary TB must address
the heterogeneities in transmission mechanisms and the drivers of localized epidemics.
This study incorporated asymptomatic infectious individuals into a transmission mathemat-
ical model to more accurately represent the natural history of pulmonary TB. Specifically,
numerical simulations were used to evaluate the impact of screening and treating asymp-
tomatic infectious individuals on controlling pulmonary TB. This research addresses a gap
in the existing literature, as the study of this aspect through mathematical modeling had not
been previously explored.

The study considered pneumonia as an opportunistic infection to accurately describe the
pulmonary TB transmission mechanism. A brief overview of pneumonia is provided in the
following subsection.

1.1.2 Pneumonia

Pneumonia is a respiratory infection in which the alveoli of an infected individual become
inflamed and filled with pus or fluid instead of air, resulting in painful breathing due to
limited oxygen intake. It has been identified as one of the most life-threatening illnesses
for people of all ages. In 2023, pneumonia accounted for 15% of all reported deaths among
children under 5 years of age (World Health Organization, 2024).

Pneumonia is commonly caused by bacteria, along with other microorganisms such as



viruses and fungi. Bacterial and viral pneumonia are contagious and spread from person to
person through inhalation of airborne droplets released when an infected individual sneezes
or coughs. An infected person may develop symptoms ranging from mild to severe, which
can result in hospitalization or even death. Symptoms include a cough with sputum, fever,
sweating, shortness of breath, chest pain, fatigue, loss of appetite, nausea or vomiting, and
headaches. Children under five years old often exhibit rapid breathing or wheezing (World
Health Organization, 2020b).

In resource-limited settings with poor healthcare systems, the impact of pneumonia as an
opportunistic infection on other respiratory diseases cannot be underestimated. Notably,
individuals with pulmonary TB are particularly vulnerable to opportunistic pneumonia due
to compromised immune systems (Garcia, 2019). Several clinical studies and reports have
documented the occurrence of opportunistic pneumonia among pulmonary TB patients
(Chavarria and Laura, 2018; Garcia, 2019; Oliwa et al., 2019; Xiao-Ying et al., 2016),
despite both conditions being independent global causes of mortality. These studies and
reports indicate a lethal synergism between pulmonary TB and pneumonia, driven primar-
ily by their overlapping symptoms.

Epidemiological data on pulmonary TB in the presence of opportunistic pneumonia are
limited due to challenges in simultaneous diagnosis. However, such epidemiological pat-
terns can be inferred using structured mathematical models. This study formulated a math-
ematical model for pulmonary TB that incorporated opportunistic pneumonia to suggest
appropriate intervention strategies for halting the global spread of infections. Specifically,
through numerical simulations, the study determined the effects of screening and treating
co-morbidities of pulmonary TB and pneumonia on controlling infection transmission.
1.1.3 The role of natural immunity in pulmonary TB transmission
Epidemiological evidence suggests that the suppression of natural immunity significantly
accelerates the progression of latent infections to pulmonary tuberculosis disease (Chandra
et al., 2022). This rapid progression, in turn, catalyzes transmission within the population.
Increased incidences of pulmonary TB are commonly observed among individuals whose

natural immunity is compromised by factors such as malnutrition, alcoholism, drug abuse,



opportunistic infections, and psychological stress (Aparicio and Castillo-Chavez, 2021).
The importance of improving living conditions or utilizing immunotherapy for latently
infected individuals becomes apparent in reducing the transmission of pulmonary tubercu-
losis infections. Therefore, it is essential to incorporate the effects of natural immunity into
a mathematical model to accurately represent the transmission mechanisms of pulmonary
TB disease. In this study, the dynamics governing the progression of latent infections to
pulmonary TB disease were investigated to control transmission. Specifically, the study
rigorously evaluated, through mathematical modeling, the impact of natural immunity on
the reactivation of latent infections and its role in controlling or reducing transmission to
the susceptible population. This addresses a gap in the existing literature, as it had not been
extensively explored previously.

1.1.4 Mathematical epidemiological modeling

Infectious diseases remain among the leading causes of mortality worldwide, primarily due
to their complex transmission dynamics. Additionally, the adaptation of pathogens to pre-
vailing conditions has led to the emergence of new diseases and the reemergence of existing
ones (Hethcote, 2009). This has reignited interest in epidemiological studies, which have
long played a crucial role in analyzing the spread and control of infections globally. How-
ever, epidemiological patterns and disease control theories can often be complex, necessi-
tating a strong reliance on mathematical model analysis (Hethcote, 2004). Compartmental
mathematical models, in particular, represent real-world events through mathematical ex-
pressions (Biswas et al., 2018). Thus, mathematical modeling is essential in infectious
disease epidemiological studies. One of the primary roles of mathematical models is to
predict the potential impact of interventions or the interactions between multiple interven-
tions during epidemics, while effectively capturing nonlinear transmission dynamics.
Since the inception of mathematical modeling theory, various classical epidemiological
models for infectious diseases have been formulated based on compartmental transitions,
including SI, SIR, SIS, SIRS, SEIS, SEIR, and SEIRS models (Zhang et al., 2022). Ad-
vancements in these classical models are fundamentally significant due to the growing

understanding of pathogen evolution. Consequently, efforts have been made to formulate



models that accurately represent the transmission mechanisms of various infectious dis-
eases. These models have been widely used to gain insights into the spread and control of
infections within populations.

The dynamics of these models are typically governed by a threshold quantity known as the
basic reproduction number. The basic reproduction number is defined as the average num-
ber of secondary infections caused by an index case in a completely susceptible population.
In infectious disease epidemiology, the reproduction number suggests that controlling dis-
ease spread does not require the complete elimination of infected cases; rather, it requires
reducing the number of infections below a critical threshold, such that, on average, an index
case infects fewer than one individual during the infectious period (Safi and Garba, 2017).
In this study, a classical SEIRS transmission mechanism was employed to formulate a math-
ematical model for pulmonary TB, with the goal of accurately representing its natural pro-
gression and controlling the spread of infections.

1.1.5 Kenya’s Vision 2030 and Sustainable Development Goals

Kenya Vision 2030 emphasizes the need to transition from a curative to a preventive ap-
proach in order to provide a high-quality healthcare system. tuberculosis, HIV/AIDS, and
malaria were identified for special attention due to their significant impact on the popula-
tion (Government of Kenya, 2008). In the Big Four Agenda, the Government of Kenya
aims to achieve affordable Universal Health Coverage (UHC) by providing a 100% cost
subsidy on essential health packages. Pulmonary tuberculosis treatment is one of the key
indicators of UHC, as it is fully subsidized. Consequently, the Big Four Agenda is closely
aligned with the goals of Kenya Vision 2030 (National Tuberculosis, Leprosy and Lung
Disease Program, 2019).

Globally, the United Nations’ *’Agenda 2030 Sustainable Development Goals (SDGs)’ has
identified TB as one of the communicable diseases that must be eradicated by 2030 to
achieve sustainable development (United Nations Environment Programme (UNEP), 2015).
Therefore, it is crucial to identify effective approaches to translate this global health goal
into actionable practices in local settings. However, Kenya faces numerous challenges,

including a lack of adequately disaggregated data. Despite this, mathematical modeling



research has been recognized as playing a pivotal role in predicting the behavior of dy-
namical systems, particularly in scenarios with insufficient disaggregated data, through
numerical simulations.

This study sought to use mathematical modeling to identify intervention strategies that
could significantly reduce the transmission of pulmonary TB within the population. In do-
ing so, it aligns with the Big Four Agenda, Kenya Vision 2030, and the United Nations
Agenda 2030 Sustainable Development Goals (SDGs).

1.2 Statement of the Problem

Pulmonary TB is one of the leading infectious diseases causing mortality worldwide. Ac-
cording to the World Health Organization (World Health Organization, 2024), the disease
claimed approximately 1.2 million lives globally in 2023. In Kenya, data from the Civil
Registration Services (CRS) indicate that pulmonary TB accounted for about 5.4% of all
reported deaths in 2022 (Civil Registration Services, 2023). The impact of pulmonary TB
is further exacerbated by opportunistic infections such as pneumonia. Clinical studies have
highlighted that the lethal synergism between pulmonary TB and pneumonia has signifi-
cantly contributed to mortality in endemic regions. While previous studies have incorpo-
rated either asymptomatic infection or natural immunity when modeling single-disease or
co-infection systems, few, if any, have explicitly integrated both features in the context of
pulmonary TB and pneumonia co-infection. This study seeks to fill that gap by present-
ing models that simultaneously consider both components, with a focus on their combined
epidemiological impact. Specifically, the dynamics of pulmonary TB, along with the co-
dynamics of pulmonary TB and pneumonia, were formulated with the goal of controlling
and reducing their spread. The study determined the reproduction numbers, which were
then used to analyze the formulated models. Furthermore, the effects of varying model pa-
rameters on the control of pulmonary TB and opportunistic pneumonia were investigated

through numerical simulations.

1.3 Objectives of the Study

The general and specific objectives that guided this study are outlined as follows:
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1.3.1 General objective
The main objective of this study was to model pulmonary TB and pneumonia co-infection,
incorporating an asymptomatic component and natural immunity.
1.3.2 Specific objectives
The specific objectives of this study were to:
Formulate a pulmonary TB model incorporating an asymptomatic component and nat-

ural immunity.

Formulate a pulmonary TB and pneumonia co-infection model, incorporating an asymp-

tomatic component and natural immunity.
Determine the reproduction numbers for analyzing the formulated models.

Investigate the effects of varying model parameters on the control of pulmonary TB

and opportunistic pneumonia.

1.4 Significance of the Study

The findings of this study are expected to support healthcare policymakers and practitioners
in making evidence-based decisions on the screening of latently infected and asymptomatic
infectious pulmonary TB patients, thereby strengthening efforts to control epidemics of the
disease. In addition, the study underscores the critical role of enhancing the natural im-
munity of latently infected individuals as a complementary strategy for reducing disease
progression and transmission.

The outcomes underscore the importance of accurate diagnosis and effective treatment of
TB and pneumonia co-infections to control transmission and support the global eradication
of these diseases. Furthermore, this study provides public health officials with valuable in-
sights into the epidemiological patterns and underlying mechanisms of TB and pneumonia
co-infections. These findings are crucial for formulating effective prevention and interven-
tion strategies aimed at reducing transmission, particularly in resource-limited settings in
developing countries.

The results further emphasize the need for healthcare authorities to assemble multidisci-

plinary research teams consisting of mathematicians and infectious disease experts. These



teams can play a pivotal role in reducing the global transmission of pulmonary TB and

pneumonia infections.



CHAPTER TWO: LITERATURE REVIEW
2.1 Introduction

In this section, literature on the mathematical modeling of pulmonary TB dynamics is pre-
sented, followed by studies on the mathematical modeling of pneumonia transmission dy-
namics, particularly those addressing the effects of various control strategies. Next, lit-
erature on pulmonary TB and pneumonia co-infection is reviewed, with a focus on clin-
ical studies and reports, as mathematical models remain limited. In addition, studies on
natural immunity, the progression from latent infection to active disease, screening for
asymptomatic pulmonary TB, and reproduction numbers are discussed. Finally, attention
is directed toward current research efforts aimed at addressing the identified gaps in the

literature.

2.2 Tuberculosis

This section reviews the work conducted by researchers on the mathematical modeling of
pulmonary TB, focusing on strategies to control infection transmission. These strategies
include screening and treating latent infections, vaccination, early diagnosis, social pro-
tection, education and counseling, treatment of drug-resistant strains, and the effects of
awareness levels.

Liu and Wang (2017) conducted a study to investigate the effect of treatment interruptions
on tuberculosis transmission dynamics. They developed a mathematical model incorporat-
ing treatment interruptions and two latent periods. They determined the control reproduc-
tion number and analyzed the global asymptotic stabilities of the equilibria by constructing
the proper Lyapunov functions. The reproduction numbers, as well as the numerical sim-
ulations, showed that complete treatment of active tuberculosis patients generally helps to
contain the tuberculosis epidemic, whereas treatment interruptions sustain the transmission
of infection to susceptible populations during epidemics.

Egonmwan and Okuonghae (2019) formulated and analyzed a mathematical model to de-
termine the impact of diagnosis and treatment on a population using first-order ordinary dif-
ferential equations that were analyzed qualitatively and numerically. Their results revealed
that the model undergoes backward bifurcation whenever a stable disease-free equilibrium

coexists with a stable endemic equilibrium when the associated reproduction number is less
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than unity. In the absence of exogenous reinfection, this phenomenon does not exist. The
analysis of the model further showed that the parameters that have the most influence on
the reproduction number are the transmission rates, the fraction of fast disease progression,
and the detection rate of active tuberculosis cases. Numerical results indicated that diag-
nosis and treatment of both latent and active TB cases result in a significant decrease in TB
prevalence in a population.

A study investigating the effects of awareness levels on the transmission dynamics of pul-
monary TB was conducted by Okuonghae and Ikhimwin (2019) using a deterministic math-
ematical model. In their study, they classified both susceptible and latently infected individ-
uals according to their level of awareness of TB. Furthermore, they included a TB disease
case-finding parameter, in addition to using chronic cough as a sign for identifying poten-
tial TB cases. Their results showed that backward bifurcation due to exogenous reinfection
was sustained by latently infected individuals with low awareness levels. Model results
further revealed that incidences of TB in the population can be decreased by intensifying
awareness campaigns for both susceptible and latently infected individuals, coupled with
increasing the rate of TB disease case finding.

The effect of screening and treating latent tuberculosis infection in the elderly in Hong Kong
city was modeled by Chong et al. (2019). They used annual age-stratified tuberculosis noti-
fications from 1965-2013 obtained from the health department to calibrate the model. The
population under study was subdivided into susceptible, recently latent infected, remotely
latent infected, infectious, latent infected treated, infectious treated, completed treatment,
and recovered individuals. Their results revealed that the highest percentage of all tubercu-
losis incidences was contributed by the reactivation of latent infections among the elderly
population. Furthermore, their results indicated that screening and complete treatment of
more than 50% of the latently infected elderly population significantly reduces new TB
cases.

A study to model the transmission dynamics of pulmonary tuberculosis considering drug-
resistant strains was conducted by Mishra and Srivastava (2019). Their model divided the

population into susceptible, exposed, infectious, quarantined, recovered, and susceptible
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with vaccination categories. Thresholds and equilibria were obtained, and the conditions
for an epidemic under different threshold conditions were established. The system of or-
dinary differential equations obtained was simulated using real parametric values of the
Jharkhand state in India, which is highly epidemic with the disease. Their results indicated
that by quarantining multi-drug-resistant tuberculosis patients, a rapid recovery, which al-
most ends the spread of infection, is achieved. Vaccination was shown to immunize the
population against infections, which provides an enabling guideline for active tuberculosis
control.

The role of vaccinating newborn babies and treating both latent infection and tuberculo-
sis disease in controlling the spread of infections was investigated by Kalu and Inyama
(2020). In their study, they formulated an SEIR mathematical model of disease transmis-
sion dynamics and derived first-order ordinary differential equations that were analyzed
qualitatively and numerically. They established the disease-free equilibrium state of the
model and analyzed its stability using the Routh-Hurwitz theorem. Their results suggested
the possibility of eradicating tuberculosis by ensuring that the recovery rate of latent infec-
tions is high, coupled with lowering the rate at which latent infections are activated.

A study by Eguda et al. (2020) sought to explain the risk factors for drug resistance to
tuberculosis in society using a mathematical transmission dynamics model incorporating
first and second-line treatment. In their study, the total human population was divided into
susceptible (9), latent (E), infectious (), first-line treatment (R, ), second-line treatment
(R2), and recovered (R) classes. A system of ordinary differential equations was derived
to describe the model, which was then analyzed qualitatively and numerically. Their re-
sults showed that complete treatment of infectious individuals leads to a drastic reduction
in drug-resistant tuberculosis incidences in the population, which in turn reduces disease
burden.

A mathematical tuberculosis model incorporating exogenous reinfection was formulated
by Feng et al. (2020). They investigated the effects of reinfections on the transmission
dynamics of tuberculosis in an attempt to control its spread. In their model, the total pop-

ulation was subdivided into susceptible (), exposed (F), infectious (), and effectively
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treated (7") individuals. They derived first-order ordinary differential equations to describe
the model and analyzed them qualitatively and numerically. Their results showed that ex-
ogenous reinfection increases the number of active TB cases. Therefore, they emphasized
the reduction of exogenous reinfection as a key strategy to eliminate TB disease in the pop-
ulation.

A study comparing the effects of educational counseling, treatment, and vaccination as
intervention strategies to reduce the transmission of TB was conducted by Fatima et al.
(2020). In their study, they modified the SEIR epidemic TB model to incorporate the
aforementioned disease control aspects and used a system of first-order linear equations
for model analysis. The disease-free equilibrium was established, and the effective repro-
duction number was obtained using the next-generation operator. This study revealed that
the disease dies out when the effective reproduction number is less than unity with the
implementation of intervention strategies. Further results indicated that educational coun-
seling is the most effective strategy in controlling TB, and a significant reduction in the
spread of the disease was achieved by combining it with treatment compared to vaccina-
tion.

Trauer et al. (2022) simulated a mathematical model of tuberculosis transmission dynamics
using data from the endemic region of the Asia-Pacific. Their deterministic model consid-
ered partial and temporal vaccine efficacy, the risk of active disease following infection,
re-infection during the latent infection period and after treatment, and multi-drug-resistant
tuberculosis during treatment. Sensitivity analyses of the parameters showed that the rate
of detection and treatment is the most important factor in determining disease incidence in
a population. It was also revealed that there was an increase in multi-drug-resistant tuber-
culosis rates due to the replacement of drug-susceptible individuals by multidrug-resistant
ones within the pool of latently infected individuals as a result of poor treatment options.
Vaccination was reported to have little impact because of a significantly smaller population
that was unvaccinated in society. Progression from latent to active infection was shown to
be responsible for a higher percentage of new cases.

Froberg et al. (2022) formulated a mathematical model to estimate the likelihood of an in-
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dividual being infected with recent and remote latent TB independent of diagnostic tools.
They observed that current diagnostic tests for latent tuberculosis infection have poor pre-
dictive values for tuberculosis activation. In their study, they estimated recent latent TB
infections based on the infectiousness of the index case, proximity and time of exposure,
and environmental factors, whereas estimation of remote latent tuberculosis infection was
based on the country of origin for immigrants and previous stays in high-risk environ-
ments. Individual estimations were calculated and compared with diagnostic test results
for 162 contacts of 42 index TB cases. The mathematical model results showed that 35%
of recent latent tuberculosis infections were found among smear microscopy-positive index
case contacts. Further results showed that a higher chance of remote latent TB was seen
among tuberculin skin test-positive contacts.

Research to determine the effect of an imperfect vaccine on the transmission dynamics of
tuberculosis was conducted by Sulayman et al. (2023). They developed and analyzed the
SVEIRE mathematical model and determined its effective reproduction number using the
next-generation matrix. Their results showed that the model exhibited backward bifurca-
tion, which could be prevented through organizing education programs aimed at chang-
ing members of the public behavior to decrease disease contact and subsequently reduce
transmission. Backward bifurcation could also be prevented by increasing the vaccination
threshold value. Vaccination of a population above the critical value with an imperfect
vaccine of high efficacy was shown to significantly control the transmission of TB.

The impact of social protection on reducing the transmission rate of tuberculosis in soci-
ety was modeled by Boccia et al. (2023). They studied the effect of cash transfers to the
underprivileged in society as an example of social protection intervention in reducing TB
transmission. Their results showed that improving household income, and thus their nu-
tritional status, reduces tuberculosis transmission by 4%. The study further indicated that
social protection contributes to poverty elimination, which in turn prevents TB transmission

since the infected will get timely access to quality TB care.
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2.3 Pneumonia

This section highlights previous research on the mathematical modeling of pneumonia.
Since this study examines the impact of opportunistic pneumonia on pulmonary tuberculo-
sis transmission mechanisms, it is essential to analyze the transmission dynamics of pneu-
monia as an independent disease, as outlined by the researchers referenced in this study.
The effects of screening and treatment on the transmission dynamics of pneumonia were
studied by Ndelwa et al. (2015). In their research, they formulated a mathematical model of
pneumonia transmission dynamics and analyzed it numerically. The transmission model
divided the population into susceptible, asymptomatic infective, symptomatic infective,
and treated. Numerical simulations of the ordinary differential equations describing the
model were conducted to determine the effects of screening and treatment in controlling
the epidemic. Their results indicated that the combination of both screening and treatment
is the best strategy to eradicate the pneumonia epidemic compared to the deployment of
only one of the interventions.

A study to investigate cost-effective strategies for controlling the transmission of pneumo-
nia infections in a population was conducted by Tilahun et al. (2017). In their research,
they formulated and analyzed a deterministic mathematical model using ordinary differen-
tial equations. They compared several control strategies to establish the most cost-effective
approach to combat pneumonia in a population. The strategies considered included screen-
ing, prevention, and treatment. Their numerical findings suggested that a combination
of prevention and treatment is the most cost-effective intervention strategy to contain the
pneumonia pandemic at the population level.

A combination of treatment and vaccination interventions was compared with treatment
alone by Kizito and Tumwiine (2018) to investigate the best strategies for controlling the
spread of pneumonia infections. In their research, they used compartmental models to in-
vestigate pneumonia infection control strategies among children less than five years old.
They developed two models: the first considered treatment intervention alone, while the
second combined both vaccination and treatment interventions. They carried out numerical

simulations of the models on the effective reproduction number, revealing that the combi-
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nation of treatment and vaccination has a greater impact on the eradication of Streptococcus
pneumoniae than treatment alone. The study suggested that for significant control of pneu-
monia in the population, infected individuals should be completely treated, and those with
suppressed immune systems should be adequately vaccinated.

Otieno and Paul (2018) developed and analyzed a mathematical model of pneumonia trans-
mission dynamics, taking into consideration infectious carriers. In their study, the popu-
lation was divided into four compartments: susceptible, carriers, infectious, and recov-
ered. They analyzed their model using ordinary differential equations. Their findings em-
phasized the reduction of transfer rates between carriers and the infected to minimize the
prevalence of pneumonia in the population. They suggested that early diagnoses, isolation
of the infected, and adequate treatment of infectious carriers are appropriate strategies for
ensuring pneumonia infections are eliminated in the population.

A study to investigate the effects of vaccine efficacy and treatment on pneumonia transmis-
sion dynamics was conducted by Zephaniah et al. (2020). They formulated and analyzed
the SVEIR model for pneumonia with the saturated force of infection in the presence of a
preventive vaccine. The non-linear differential equations governing the model were solved
using the Adomian decomposition method. The study revealed that improving vaccine ef-
ficacy and expanding treatment capacity are important strategies for eradicating the disease
in a population. Furthermore, the study showed that with vaccination covering a critical
percentage of the population, the disease will die out.

Research to determine the effects of asymptomatic carriers on pneumonia transmission
dynamics and vaccination was carried out by Otoo et al. (2020). They formulated and an-
alyzed a deterministic mathematical model that incorporated symptomatic, asymptomatic
carriers, and vaccinated compartments. Numerical simulations of the ordinary differential
equations describing the model revealed that the effective contact rates of both asymp-
tomatic and symptomatic infectives fuel the spread of the disease. The study observed that
since vaccine efficacy is not 100%, multiple doses of the vaccine are necessary to prevent
the pneumonia pandemic in the population.

To investigate the effects of health intervention measures, Soliman and Bueno (2021) com-
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pared quarantine and vaccination strategies in reducing the spread of pneumonia infections.
In their study, they used the SIR model to analyze and predict the rate of transmission of
pneumonia in the Philippines, incorporating demographic changes in the population. The
model’s differential equations were solved assuming exponential population growth, and
the results were compared with real-world epidemic data. Their findings showed a posi-
tive correlation between the real-world and the modeled data. Furthermore, their results
indicated that reducing the contact rate through quarantine between the infected and sus-
ceptible populations significantly reduces the transmission rate compared to vaccinating
the susceptible population. However, the study showed that a combination of isolation and
vaccination is the most effective strategy for controlling the transmission of pneumonia
infections in a population.

Research targeting the control of pneumonia transmission among toddlers was conducted
by Imran et al. (2022). In their study, they formulated and analyzed a mathematical model
incorporating immunization and treatment to reduce the rate of spread of pneumonia among
children under five years old. Stability analysis and numerical simulation revealed that
increasing the rate of treating infected individuals, coupled with immunizing a higher per-
centage of the susceptible population, suppresses the basic reproduction number, which
accelerates the eradication of the disease.

2.4 Tuberculosis and Pneumonia Co-infection

In this section, most of the reviewed studies focus on clinical research and reports on pul-
monary tuberculosis in the presence of opportunistic pneumonia, as mathematical models
in this area remain limited.

A clinical etiology investigation of all cases of co-existing pulmonary tuberculosis and
bacterial pneumonia at the National Tuberculosis Clinical Centre of China from June 2009
to June 2012 was conducted by Xiao-Ying et al. (2016). In their clinical research, the
co-existences were confirmed using results from microbiology, radiology, diagnostic treat-
ment, and clinical symptoms. Their study revealed that 80% of all investigated cases were
found to be co-infected with pulmonary tuberculosis and pneumonia. Furthermore, the re-

sults pointed out that the risk factors for co-existence include female gender, age 40 and
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above, and the presence of pulmonary cavities. However, diabetes and liver disorders were
not associated with the co-existence as hypothesized. The study underscored the impor-
tance of accurate diagnosis and effective treatment of co-existing pulmonary tuberculosis
and pneumonia.

A clinical case report of co-infection with community-acquired pneumonia and Mycobac-
terium tuberculosis was reported in Costa Rica by Chavarria and Laura (2018). They de-
scribed a case involving a 36-year-old male patient with respiratory distress, whose radi-
ological tests indicated the presence of pulmonary tuberculosis and pneumonia infections.
Further laboratory tests, including sputum analysis by smear microscopy, molecular tech-
niques, and culture, were conducted. The sputum analysis by culture and smear microscopy
detected pneumonia, while molecular techniques indicated the presence of pulmonary tu-
berculosis infections. Subsequently, the patient received treatment for both pneumonia and
pulmonary tuberculosis in an isolation room to prevent the transmission of infection to both
healthcare workers and patients in proximity. The report reinforced the importance of ac-
tively searching for pulmonary tuberculosis in patients with acute pneumonia, especially
in tuberculosis-endemic regions.

The review of clinical and autopsy studies in tuberculosis endemic settings was conducted
by Oliwa et al. (2019). Their review focused on published literature reporting severe pneu-
monia in children younger than 5 years who were also tested for multiple infections, in-
cluding tuberculosis. The reviewed autopsy studies indicated that 21% of the sampled
population died as a result of tuberculosis and pneumonia co-existence. The study recom-
mended improved diagnostics for TB in infants and young children, especially those who
present with acute severe pneumonia in countries with a high incidence of tuberculosis.

A clinical case report from the United States of America, in which a patient was diagnosed
with the co-existence of Streptococcus pneumoniae and active pulmonary tuberculosis in
the absence of HIV infection, was presented by Garcia (2019). The patient was diagnosed
with pneumonia upon admission to the hospital and was immediately put under treatment
with the appropriate regimens. Despite receiving treatment, his condition deteriorated,

prompting additional microbiology and computed tomography tests to be conducted. Sub-
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sequently, he died, and test results returned positive for Mycobacterium tuberculosis. It was
reported that the delay in diagnosing active pulmonary tuberculosis placed other patients
in close proximity, as well as healthcare providers, at a high risk of contracting infections.
The report emphasized testing all individuals presenting with pneumonia in healthcare cen-
ters for pulmonary tuberculosis to ensure the appropriate isolation of positive cases.

A study on pulmonary tuberculosis and other bacterial co-infections was conducted by Attia
et al. (2023). In their study, they analyzed the clinical characteristics of patients presenting
with respiratory infections at a referral hospital in Cambodia. Additionally, mycobacterium
and bacterial sputum tests, along with chest radiography results, were analyzed. Their find-
ings revealed that 9% of tuberculosis patients had co-infection with pulmonary tuberculosis
and pneumonia. An interesting observation from their results was that clinical symptoms
did not differ among individuals with pulmonary TB, pneumonia, or co-infection of the two
diseases. However, the findings indicated that co-infection was common among patients
with pulmonary cavities on chest radiography. Their study advocated for robust microbi-
ology and radiology diagnoses for pulmonary tuberculosis and pneumonia co-infection to
ensure appropriate diagnosis and treatment.

A model of tuberculosis and pneumonia co-infection dynamics was formulated by Gwery-
ina et al. (2023). Their study utilized the SEIR mathematical model with ordinary differen-
tial equations. They employed partial rank correlation coefficients to perform a sensitivity
analysis, and their results indicated that increasing infection recovery is the most influential
parameter in reducing the magnitude of the disease. The cost-benefit analysis revealed that

treating tuberculosis alone is the most effective strategy for reducing co-infection.

2.5 Natural Immunity and the Progression from Latent Infection to
Tuberculosis Disease

Flores-Garza et al. (2022) studied the immunopathological progression of tuberculosis us-
ing an integrative systems biology approach, analyzing the key interactions between the
cells involved in the different phases of the infectious process. Their study integrated mul-
tiple in vivo and in vitro data from immunohistochemical, serological, molecular biology,

and cell count assays into a mechanistic mathematical model. The ordinary differential
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equation model captured the regulatory interplay between the phenotypic variation of the
main cells involved in disease progression and the inflammatory microenvironment. The
simulations demonstrated how genotypic variations shaped the transitions across phases,
showing that 100% of the evaluated genotypes eventually progressed to phase two of the
disease, suggesting that activation of the adaptive immune response was unavoidable.
Darboe et al. (2024) focused on accumulating scientific evidence indicating that viral in-
fections contribute to the progression of latent tuberculosis due to a compromised immune
system. They used the example of HIV/AIDS-related immune suppression, which is asso-
ciated with increased cases of tuberculosis resulting from the reactivation of latent infec-
tions. Their study recommended enhancing natural immunity among individuals latently
infected with tuberculosis as an appropriate measure to reduce the transmission of the dis-
ease.

Kudryavtsev et al. (2024) investigated the role of the immune response in the development
of active tuberculosis from latent infection. Their research presented data on the patho-
genesis of latent tuberculosis infection, particularly focusing on the immune response in
the interaction between Mycobacterium tuberculosis and the host. The study described the
mechanisms of T-cell immunity and cytokine activation, supporting the concept of type
1, type 2, and type 3 immune responses. Their results indicated that the reactivation of
latent tuberculosis is primarily caused by damage to the immune mechanisms responsible
for containing Mycobacterium tuberculosis.

Hu et al. (2024), in their study, investigated the role of natural immunity in the progression
of latent tuberculosis infection. Their study focused on clinical case reports that highlighted
factors promoting the progression of latent infections to tuberculosis disease. The results
indicated that the main contributing factor to this progression is a compromised immune
system.

Cao et al. (2025) formulated and analyzed a mathematical model describing the immune
response during the latent stage of tuberculosis infection. The study aimed to explore the
sustained immune response of the immune system against invading Mycobacterium tuber-

culosis during latent infection. Their results showed that when tuberculosis bacteria invade
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the host’s lungs, the immune system may clear the invading pathogens, preventing the de-
velopment of active TB. This corresponds to the stable sterile equilibrium of the formulated
model. During latent tuberculosis infection, the immune system initiates a sustained im-
mune response to control the growth and reproduction of the bacteria in the lungs, leading
to the formation of TB granulomas

Halabitska et al. (2025) reported a case demonstrating the reactivation of latent tuberculo-
sis following co-infection with a viral disease. The report highlighted a clinical scenario in
which immune dysregulation likely facilitated tuberculosis progression. The case under-
scored the importance of considering latent tuberculosis reactivation in patients with viral
infections, particularly in regions with high tuberculosis prevalence. The study indicated
that tuberculosis reactivation can occur as a result of immune system compromise.

Nieto Ramirez et al. (2025) conducted a systematic review of the immune response against
tuberculosis complex infection in animal models. The review focused on immune me-
diators associated with either protection or disease progression in animal models of tu-
berculosis infection. The results indicated that approximately 60% of latent tuberculosis
reactivations occur as a result of a compromised immune system. The study emphasized
that understanding the role of the immune response in tuberculosis infection is crucial for
preventing disease progression.

2.6 Screening for Asymptomatic Pulmonary Tuberculosis

Ryckman et al. (2022) formulated a mathematical model to track the future trajectories of
individuals with asymptomatic tuberculosis. Their study used Bayesian methods to cali-
brate the model to targets derived from historical survival data, notifications, mortality, and
prevalence data from five countries. The results indicated that screening for asymptomatic
tuberculosis could contribute to a 35-50% reduction in future transmissions. They recom-
mended screening asymptomatic individuals as a strategy to reduce the tuberculosis burden
in the population.

Mahmoudi et al. (2024) determined the prevalence of minimal and asymptomatic tuber-
culosis and evaluated the positivity rates of current diagnostic tests. The study conducted

a meta-analysis of research published between January 2000 and December 2022, ana-
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lyzing prevalence rates and diagnostic test results, with pooled prevalence calculated and
comparisons made across geographical regions. The results indicated that the prevalence
of minimal tuberculosis ranged from 0.9% to 22.9% in the general population, while the
prevalence of asymptomatic tuberculosis ranged from 1.57% to 14.63%. The study high-
lighted the need to screen the general population for asymptomatic tuberculosis to reduce
undetected cases, especially in high-risk populations.

Schwalb et al. (2024) assessed the impact and cost-effectiveness of annual rounds of differ-
ent population-wide screening algorithms using a mathematical model calibrated to tuber-
culosis epidemiology in Viet Nam. Their model incorporated the recent spectrum of tuber-
culosis disease, including the relative contribution of asymptomatic tuberculosis to trans-
mission. The results indicated that a substantial reduction in tuberculosis prevalence could
be achieved through repeated annual rounds of asymptomatic population-wide screening. A
two-step algorithm, which uses chest radiography as the initial screening method followed
by a sputum nucleic acid amplification test, was projected to avert 1.31 million cases of
severe tuberculosis and prevent 171,000 tuberculosis-related deaths by 2050.

Kuddus et al. (2024) formulated a tuberculosis model to investigate the potential influence
of asymptomatic carriers, symptomatic infections, and overall tuberculosis prevalence on
different treatment and prevention approaches in Thailand. They used annual tuberculosis
incidence data from 2000 to 2022 in Thailand to calibrate the model parameters. Their re-
sults showed that reducing only the progression rate of symptomatic tuberculosis infections
is insufficient to control asymptomatic carriers and overall tuberculosis prevalence, even
when the relative infectiousness of carriers is less than unity.

MacPherson et al. (2024) in their study, synthesized evidence and experiences from imple-
menting active case-finding programs to provide guidance on screening algorithms. Their
results indicated that with careful planning and substantial investment, community-based
active case finding for tuberculosis can be an impactful approach to accelerating progress
toward the elimination of tuberculosis in high-burden countries. The study highlighted the
screening of asymptomatic tuberculosis as a potential measure to enable early diagnosis

and, consequently, reduce transmission of infections.
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Mandal et al. (2025) formulated a mathematical model that incorporated enhanced fea-
tures, including an explicit representation of asymptomatic tuberculosis. The model was
calibrated to country-specific data using Bayesian adaptive Markov Chain Monte Carlo
methods. It was then applied to assess the impact of national strategic plans and the bold
initiative to end tuberculosis by mapping interventions to WHO guidelines through a target
population component. The results indicated that the enhanced tuberculosis model pro-
vides a flexible, policy-relevant framework for evaluating the epidemiological impact of

tuberculosis interventions at both national and global levels.

2.7 Reproduction Numbers

Diekmann et al. (2020) presented a clear and practical recipe for constructing the Next
Generation Matrix from basic ingredients derived directly from the specifications of the
model. They showed that two related matrices exist, which they define as the Next Gen-
eration Matrix with a large domain and the Next Generation Matrix with a small domain.
Together with the original formulation, these three matrices reflect the range of possibili-
ties encountered in the literature for the characterization of the reproduction number. They
further demonstrated how the matrices are connected, how their construction follows from
the basic model ingredients, and established that they share the same non-zero eigenvalues,
the largest of which corresponds to the reproduction number.

Avram et al. (2023), in their study, made new contributions to the literature on the basic
reproduction number. First, they provided a universal algorithm for defining the Jacobian
matrix gradient decomposition, and second, they introduced a fixed-point equation for esti-
mating the probabilities of a stochastic model, which can be expressed in terms of the Jaco-
bian matrix decomposition. Lastly, they developed Mathematica scripts and implemented
them for a wide variety of examples. Their results showed that the Next Generation Matrix
approach quickly leads to most of the results reported in the literature.

Avram et al. (2024) showed that for a large class of ordinary differential equation epidemic
models, in addition to the rank-one formula, an integral renewal representation of the re-
production number with respect to explicit age kernels, expressed in a matrix exponential

form can be provided. They also extended their approach to cases with several susceptible
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classes. The results suggested an interesting alternative to classical statistical approaches in
mathematical epidemiology, which usually start by postulating an epidemiological model
and then estimating its parameters.

Jang et al. (2024) conducted a comparative analysis of time-varying reproduction num-
bers, taking into account population immunity and variant differences. They incorporated
regional heterogeneity, age distribution, evolving variants, and vaccination rates over time.
The reproduction number was computed both with and without considering variant-based
immunity. Their results showed that reproduction number values differed significantly by
variant, emphasizing the importance of immunity.

Hill etal. (2025), in their study, estimated the effective reproduction number using wastewater-
based methods. They reviewed different approaches for estimating the effective reproduc-
tion number of SARS-CoV-2 from wastewater. Using wastewater data collected between
August 1, 2022, and February 2024, they fitted eight wastewater-based effective repro-
duction number models identified in the literature. Their results showed a high degree of
similarity across all eight methods. They concluded that, while not all methods for esti-
mating the effective reproduction number from wastewater yield identical results, they all
provide a useful way to incorporate wastewater concentration data into epidemic modeling.
Anazawa (2025) proposed multiple simplified approaches for estimating the reproduction
number of infectious diseases and compared their effectiveness. These approaches include
methods based on exponential, fixed, normal, and gamma distributions for the generation
time. The exponential and fixed generation time methods were shown to offer convenience,
as they rely solely on the mean generation time and the number of new infections. The ex-
ponential method tended to underestimate the reproduction number when the variance was
small, while the fixed generation time method tended to overestimate it when the variance
was large. The normal distribution method sometimes resulted in underestimation, depend-
ing on the growth rate. In contrast, the gamma distribution method demonstrated greater
robustness and accuracy across a variety of scenarios.

Bajaj et al. (2025) introduced a method to estimate reproduction numbers that makes use of

retrospective updates to case time series, which occur as more historically delayed cases en-
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ter the health system. The method simultaneously estimates reporting delays, true historical
case counts, and the reproduction number within a single Bayesian framework, allowing
uncertainty in each of these quantities to be accounted for. They applied their method to
both simulated and real outbreak data, and their results showed that it substantially im-
proves upon naive estimates of the reproduction number that do not account for reporting
delays.

2.8 Research Gaps

Despite the extensive research conducted on the mathematical modeling of pulmonary TB

transmission dynamics, the following research gaps remain unexplored:

1. The combined effects of screening asymptomatic infectious individuals and the in-
fluence of natural immunity on the progression from latent infection to disease in a

pulmonary TB model.

2. The formulation of a model for pulmonary TB that considers the presence of oppor-
tunistic pneumonia while incorporating the screening of asymptomatic individuals

and the impact of natural immunity.

Therefore, this study is a valuable endeavor to address the aforementioned gaps by model-
ing pulmonary TB transmission dynamics in the presence of opportunistic pneumonia, in-
corporating the screening of asymptomatic infectious populations, and assessing the impact

of natural immunity on controlling the transmission of infections to susceptible populations.
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CHAPTER THREE: METHODOLOGY
3.1 Introduction

This chapter describes the methodology used to conduct the research. The chapter is or-
ganized as follows: first, the justification for addressing the research gaps in the formu-
lation of the two models is provided; next, the formulation of a model for pulmonary TB
transmission mechanisms incorporating an asymptomatic infectious component and natu-
ral immunity is presented; this is followed by the formulation of a model for pulmonary TB
and pneumonia co-infection; then the method for determining control reproduction num-
bers is outlined; and finally, the approach to data fitting and parameter estimation for the

co-infection model is presented.

3.2 Justification of the Research Gaps in the Formulation of the
Models

This study adopts a classical SEIRS transmission framework to model pulmonary TB dy-
namics. The models incorporate an asymptomatic infectious class, as these individuals
contribute to sustained transmission by spreading infection undetected. The inclusion is
justified by the Kenya National TB Prevalence Survey (2016), which reported that 26%
of prevalent TB cases were asymptomatic and infectious (National Tuberculosis, Leprosy
and Lung Disease Program, 2016). Similarly, World Health Organization (2025) estimates
that nearly 50% of pulmonary TB cases identified in global prevalence surveys are asymp-
tomatic. These findings highlight that targeting only symptomatic individuals is insuffi-
cient, as asymptomatic carriers sustain ongoing transmission.

Previous models often assume that progression from latent infection to pulmonary TB is
proportional to the number of latently infected individuals. In reality, this progression

is strongly influenced by host immunity (Barry et al., 2019). To reflect this, the present

xE

. : : - .
models incorporate a saturated progression rate using Holling’s function, -~

(Banerjee,
2021). This formulation captures the delay in reactivation conferred by stronger immunity,
where y denotes the reactivation rate, £ denotes the latently infected population, and m
represents the effect of immune protection. As m approaches zero, reflecting low immunity,

the function approximates y . Two disease states are considered: asymptomatic infectious

and symptomatic. The respective reactivation rates are given by lfrfE and lifE
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Clinical studies have reported a lethal synergism between pulmonary TB and pneumonia,
with each accelerating the progression of the other. Individuals with TB are particularly
vulnerable to severe pneumonia due to compromised immunity (Garcia, 2019). To cap-
ture this interaction and assess its impact on transmission, the pulmonary TB model was

extended to incorporate opportunistic pneumonia.

3.3 AModel of Pulmonary Tuberculosis Incorporating an Asymptomatic
Component and Natural Immunity

In this section, the assumptions underlying the model formulation, the model description,
and the equations are presented.

3.3.1 Assumptions for model formulation

The formulation of the new model was guided by the following assumptions:

The successful treatment of pulmonary TB disease is assumed.

The progression from latent infection to pulmonary TB disease depends on natural im-

munity.
Individuals who are latently infected do not transmit the infection.

When latently infected individuals are screened and treated, they cannot develop pul-

monary TB.

Recovered individuals do not acquire permanent immunity and can become susceptible

to reinfection.

The impact of drug-resistant pulmonary TB in the population is minimal.
3.3.2 Model description
The model categorizes the total population size at time ¢, denoted as N(¢), into nine sub-
classes based on their disease status: susceptible individuals S(t), vaccinated individuals
V (t), latently infected individuals F(t), asymptomatic infectious individuals 7, (), symp-
tomatic individuals /5(t), latently infected individuals undergoing treatment 7z (¢), asymp-
tomatic infectious individuals undergoing treatment 7, (), symptomatic individuals under-

going treatment 7s(t), and recovered individuals R(t¢). Therefore, the total population
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satisfies equation (3.1) given by:

N(@t)=St)+V(t)+ E(t)+ 1,(t) + Is(t) + Te(t) + To(t) + Ts(t) + R(t)  (3.1)

The transitions and interactions between these compartments are described as follows:
Individuals are recruited into the population at a constant rate, 7. A fraction of the recruits
is vaccinated at a constant rate, P, and enters the vaccinated class, while the remaining
individuals become susceptible.

Susceptible individuals become latently infected after effective contact with infectious

cases. The force of infection is given by equation (3.2) as follows:

A= B(Is +mla+ T + nsla) (3.2)

where [ denotes the transmission rate of pulmonary TB infections, and 7y, 75, and 73 are
dimensionless transmission coefficients. These coefficients account for the relative infec-
tiousness of individuals in different classes, with:

0<ny <me<m <l

This hierarchy assumes that asymptomatic individuals denoted by (1,) are more infectious
than symptomatic individuals undergoing treatment (7’ ), who are, in turn, more infectious
than asymptomatic individuals undergoing treatment (7).

The model considers that vaccination is not 100% effective; therefore, vaccinated individ-
uals may still become latently infected. The force of infection for vaccinated individuals is

given in equation (3.3) as follows:

M =1=p)=10=p)AIs+mls+nTs +nsT,) (3.3)

where p is the vaccine efficacy, such that 0 < p < 1.
Latently infected individuals (£ can either be screened at a constant rate, #; and move
to the latent infected undergoing treatment class (7'z), or progress to the asymptomatic in-

fectious class (/,) at a rate of 1f—mEE Alternatively, they may develop severe disease and
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transition to the symptomatic class (/) at a rate of fE

1+mE"

Asymptomatic infectious individuals (I,) can either be screened at a rate, 65, and move to
the asymptomatic infectious undergoing treatment class (7}, ), or progress to severe disease
and join the symptomatic class (Is) at a rate, w. Symptomatic individuals (Ig) are iden-
tified for treatment at a rate, 63 and move to the symptomatic undergoing treatment class
(Ts).

The rate of disease-induced deaths for individuals in the symptomatic class (/g) is denoted
by 1, while the rate of disease-induced deaths for symptomatic individuals undergoing
treatment (7s) is denoted by J,.

Treatment for different forms of pulmonary TB is considered to be successful, with la-
tent infected individuals undergoing treatment (7%), asymptomatic infectious individuals
undergoing treatment (77, ), and symptomatic individuals undergoing treatment (7s) recov-
ering at rates, &1, &, and &3, respectively, and moving to the recovered class (R).

The model considers that recovered individuals become susceptible again after their immu-
nity wanes at a rate, . The rate at which individuals die from causes other than pulmonary
TB is denoted by pu.

Considering the assumptions, variables, and parameters, the flowchart of the formulated
model is presented in Figure 3.1, from which the system of differential equations (3.4) is
derived.

System (3.4) presents the differential equations derived from the model.
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Figure 3.1

The flow chart for the TB transmission model
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3.4 A Co-infection Model of Pulmonary Tuberculosis and Pneumonia

The assumptions, model description, and equations for pulmonary TB and pneumonia co-

infection are presented in this section.

3.4.1 Assumptions for the formulation of the model

The formulation of the co-infection model was guided by the following assumptions:
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Pneumonia is an opportunistic infection affecting pulmonary TB patients.

The progression from latent infection to pulmonary TB disease occurs due to compro-

mised immunity in individuals.

Treatment for both pulmonary TB and pneumonia infections is assumed to be success-

ful.

Individuals undergoing treatment for pulmonary TB and pneumonia co-infection re-
cover from pneumonia first, as it is an acute disease.
3.4.2 Model description
The population-based compartmental model divides the total human population into the fol-
lowing subclasses: susceptible (.5), vaccinated (V'), pulmonary TB latently infected (E),
asymptomatic pulmonary TB infectious individuals (/,,), symptomatic pulmonary TB in-
dividuals (/s), individuals co-infected with asymptomatic pulmonary TB and pneumonia
(1,p), individuals co-infected with symptomatic pulmonary TB and pneumonia (/sp), la-
tently pulmonary TB infected individuals undergoing treatment (7 ), individuals infected
with asymptomatic pulmonary TB alone who are undergoing treatment (7, ), individuals
infected with symptomatic pulmonary TB alone who are undergoing treatment (7s), indi-
viduals co-infected with asymptomatic pulmonary TB and pneumonia who are undergoing
treatment (7, p), individuals co-infected with symptomatic pulmonary TB and pneumonia
who are undergoing treatment (7sp), and recovered individuals (R).
Individuals are recruited into the model either through birth or immigration at a constant
rate, A. The co-infection model assumes that a fraction of the recruits is vaccinated at a
constant rate, (), and enters the vaccinated class.
The susceptible population becomes latently infected with pulmonary TB after effective
contact with any of the infectious cases. The force of infection with pulmonary TB is given

by equation (3.5) as follows:

AN =61 (Isp +nals +n5Tup + n6la + 17Tsp + 1sTs + noTup + M107%) (3.5)
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where 3; denotes the transmission rate of TB infections, and 74, 15, 76, 77, N, N9, N10 aC-
count for the relative infectiousness of individuals with pulmonary TB in various cate-
gories. These parameters are assumed to satisfy:
0<mo<mg<mg<mnr<meg<mns<ns<l

The model considers that vaccine efficacy is not 100%; therefore, vaccinated individuals

can become latently infected at a force of infection given by equation (3.6) as follows:

(I—p)\ = (1—=p)Bi(Isp+mals+n:Tup +n6la+1:Tsp +nsTs +19Lap +1101a) (3.6)

where p is the vaccine efficacy, such that 0 < p < 1.
Latently infected individuals are either screened at a constant rate of ©}; and move to the

class of latently infected individuals undergoing treatment (7'z), or progress to the symp-
aF

14+nkE

rate of latent infections to symptomatic disease, and n measures the extent of delay in latent

tomatic pulmonary TB class (/) at a rate of

, where ¢ represents the progression

infection progression due to enhanced immunity. Alternatively, latently infected individ-

3 2E
1+nk’
progression rate of latent TB infections to asymptomatic infectious disease. Asymptomatic

uals can become asymptomatic infectious at a rate of

where ¢, represents the

infectious individuals may develop symptoms and join the symptomatic class (/) at a rate
of ¢1.

Individuals with pulmonary TB disease may contract secondary pneumonia infections after
effective contact with any pneumonia-infectious cases. The force of infection is represented

by equation (3.7) as follows:

Xy = P (Isp + €1lup + €Tsp + 3T, p) (3.7)

where 35 denotes the transmission rate of pneumonia, and €1, €, €3 represent the relative
infectiousness of individuals with pneumonia infections in different categories.

Alternatively, individuals with either asymptomatic or symptomatic TB may be identified
for treatment before contracting opportunistic pneumonia and transition to the treatment

classes at rates v, and 13, respectively.
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Individuals co-infected with either asymptomatic or symptomatic TB and pneumonia are
identified at rates 1/, and ¥, respectively, and move to the treated classes. Additionally, in-
dividuals co-infected with asymptomatic TB and pneumonia may progress to symptomatic
TB-pneumonia co-infection before being identified for treatment at a rate of ¢5. Individ-
uals undergoing treatment for the co-infections recover from pneumonia first, as it is an
acute disease, and join either the class of individuals with asymptomatic TB undergoing
treatment (77,) at a rate of ¢3, or the class of individuals with symptomatic TB undergoing
treatment (7s) at a rate of ¢,.

The rate of disease-induced deaths due to symptomatic TB is denoted by v, while the rate
of disease-induced deaths for individuals undergoing treatment for symptomatic TB is 4.
Additionally, the rates of disease-induced deaths due to co-infection with TB and pneumo-
nia are 7, and 5 for symptomatic and asymptomatic TB, respectively, whereas the rate of
disease-induced deaths for individuals undergoing treatment for co-infection is ;.
Treatment for different forms of pulmonary TB is assumed to be successful. Consequently,
latently infected individuals undergoing treatment, asymptomatic pulmonary TB individ-
uals undergoing treatment, and symptomatic pulmonary TB individuals undergoing treat-
ment recover at rates of ay, s, and ag, respectively, and transition to the recovered class
(R). The model assumes that recovered individuals become susceptible again after their
immunity wanes at a rate of x.

The rate at which individuals die from causes other than pulmonary TB or TB-pneumonia
co-infection is denoted by . It is worth noting that all parameters are positive constants.
Based on the assumptions, variables, and parameters, the flowchart for the formulated
model is presented in Figure 3.2, which serves as the basis for deriving the differential

equations given by system (3.8).
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Figure 3.2

The flowchart for the TB and pneumonia co-infection model

(n+va)Ts

aiTe

(4 +va)Tse

Source: Researcher (2024)

ds
dt

av
dt

dE
dt

dly
dt

dls
dt

dl,p
dt

dt

dT'g
dt

dr,
dt

dTs
dt

dTaP
dt

dt

dR
dt

\

dTsp

=1 =QA+rR = (M +p)S,
= QA= [(1=phi + 4]V,

= )\15 + (1 — p))\lv — (1—‘::7le + I—EZE + ’L91 + ,M) E,

Zﬁ—n%—()\2+¢1+ﬂ+192)faa

= 2+ o1l — M+ U5+ 4+ m)1s,
= Xoly, — (1 + 75 + ¢+ V4) Lup,

= Mols + ¢alap — (2 + Vs + p)Isp,
=NE — (p+a1)Tg,

= Uoly + ¢3Top — (1 + a2) T,

= U3ls + ¢aTsp — ( + 71 + a3)Ts,

= Valop — (0 + ¢3)Tup,

=5Isp — (1t + ¢4 + v3)Tsp,

= Tg + Ty + asTs — (p+ k) R.

34

(3.8)



3.5 Determining the Control Reproduction Numbers

The control reproduction numbers of the formulated models were determined using the
Next-Generation Matrix method. The Next-Generation Matrix provides a systematic way
to compute reproduction numbers, which represent the expected number of new infections
caused by a single infected individual. This method is particularly useful when the model
has multiple infectious compartments (e.g., asymptomatic, symptomatic, and treated) and
when the model represents nonlinear and complex disease dynamics (Driessche et al.,
2020).

The method begins by identifying the set of compartments that contain infected individu-
als (e.g., latent, infectious, and treated). These compartments are written in vector form as
shown in equation (3.9):

X = ($1,x2,...,$n) (39)

where n is the number of infected compartments.

The system in equation (3.9) is then rewritten in the form:

dX
o f(z) —v(z) (3.10)
where f(z) is the rate of appearance of new infections in each compartment, and v(x) is
the rate of transfer into and out of compartments by all other means (e.g., progression,
recovery, death, or treatment).
Equation (3.10) is then linearized at the disease-free equilibrium by computing the Jacobian

matrices F' and V' at the disease-free equilibrium, as shown in equation (3.11):

OF,

r-[5]
Oz, 3.11)

y o |V

a {3%}

where i represents the infected compartment being affected, and j represents the infected
compartment causing the effect.

The control reproduction number is then given by the spectral radius of £V !, as shown
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in equation (3.12):
Re = p(FV ™) (3.12)

3.6 Data Fitting and Parameter Estimation
The NTLLDP data on pulmonary TB and pneumonia co-infection in Kenya were used to
fit the prevalence of the formulated model. The NTLLDP prevalence data from 2012 to

2022 were considered, as presented in Tables 3.1 and 3.2.

Table 3.1
TB-Pneumonia prevalence by year (2012-2017)

Year 2012 2013 2014 2015 2016 2017
TB-Pneumonia Prevalence 42440 48555 50599 54345 56795 59529

Source: Researcher (2024)

Table 3.2
TB-Pneumonia prevalence by year (2018—2022)

Year 2018 2019 2020 2021 2022
TB-Pneumonia Prevalence 60615 62146 62022 66106 68100

Source: Researcher (2024)

The pulmonary TB and pneumonia co-infection model prevalence was defined as follows:

Total number of TB and pneumonia co-infection cases

TB and Pneumonia Model Prevalence = -
Total population

or

TB and Pneumonia Model Prevalence = faetfsptfap+Tsp (3.13)

where N represents the total population size.

The pulmonary TB and pneumonia co-infection model prevalence, described in equation (3.13),
was fitted to the NTLLDP prevalence data in Tables 3.1 and 3.2 to estimate the parame-
ters. Using MATLAB?’s built-in functions, ODE45 and fminsearch, the parameters were
estimated by minimizing the sum of squared differences (SSD) between the co-infection

model prevalence solution and the NTLLDP prevalence data, following the approaches
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outlined by Kim et al. (2020) and Khan et al. (2015). The SSD is defined as follows:

N4a

(I:ip + Ip + Tip + Tép Cq) i
V1

SSD =

2 (max(CY, C))°

(3.14)

where:

Nl=8St4VI+ B+ I+ I+ 1+ I+ TE+ T+ TE+ T+ Tp + RY

In Equation (3.14), ¢ represents the time period from 2012 to 2022. C7{ denotes the yearly
pulmonary TB and pneumonia co-infection prevalence data from NTLLDP, while C§ rep-
resents the corresponding yearly model prevalence. Additionally, the variables S, V4, E9,
19, 1%, 1%, Iy, TR, T, TS, T, Té,, and RY represent the numerically computed solu-
tions at each time point gq.

The parameters of the model were estimated using MATLAB’s fminsearch algorithm,
which minimizes uncertainty by computing the goodness of fit via the sum of squared er-

rors. The estimated parameters include ﬁQa N45 M55 N6 175 7185 195 1105 €1, €25 €3, 194, 1959 ¢27

®3, G4, V25 V3> V5, and n.
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CHAPTER FOUR: RESULTS AND DISCUSSION

4.1 Introduction

This chapter presents the results and discussion of the analysis and numerical simulations
for the formulated models. The aim is to determine the threshold conditions for the per-
sistence and control of the disease. The chapter is organized as follows. First, the model
analysis and numerical simulation results for pulmonary TB incorporating an asymptomatic
component and natural immunity are presented. Thereafter, the analysis and numerical re-
sults for the co-infection model are provided.

4.2 Pulmonary TB Model Analysis

In this section, a pulmonary TB model is analyzed, focusing on several aspects: the pos-
itivity of model solutions, the invariant region, the disease-free and endemic equilibrium
points, the reproduction numbers of the model, bifurcation analysis, and sensitivity analy-
sis.

4.2.1 Positivity of the model solutions

The dynamical system (3.4) illustrates the changes in the human population. Therefore, it
is essential to prove that, given non-negative initial conditions, its solutions remain positive

for all £ > 0, as demonstrated by Theorem 4.1.

Theorem 4.1. Given that the initial conditions S(0) > 0, V/(0) > 0, E(0) > 0, 1,(0) > 0,
Is(0) > 0, Tg(0) > 0, T,(0) > 0, T5(0) > 0, and R(0) > 0, the solutions S(t), V (1),
E(t), 1.(t), Is(t), Tr(t), Tu(t), Ts(t), and R(t) remain non-negative for all t > 0.

Proof. The first equation of the model system (3.4) is considered to demonstrate the pos-
itivity of the solutions using the integrating factor method. To simplify the computations,

let y(t) = A(t) + p; thus, the first equation of the model system (3.4) is rewritten as:

% — (1 - Py +oR—y(t)S (4.1)

The integrating factor (IF) of equation (4.1) is given as:

IF = /vt 4.2)
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Multiplying equation (4.1) by the integrating factor gives:

el v dt % +el v y1)S = (1 — P)m + oR) e/ ¥ (4.3)

Equation (4.3) simplifies to:

%(S(t) efy(t)dt> _ ((1 _ P)7T+JR) oJ y(t)dt (4.4)

Integrating equation (4.4) yields:
S(t) = e~ Sy [/ (1= P)r+ oR) el vt gy 4 C} 4.5)

where C' is the constant of integration. Applying the initial conditionatt = 0, S(¢) = S(0),

yields C' = S(0). Substituting C' into equation (4.5) results in:
S(t) = e Syt U (1= P)r+oR) e/ v gt 4 S(o)} >0 (4.6)

Since S(0) > 0, the solution S(t) of the differential equation is non-negative and remains
positive for all £ > 0. The same approach can be applied to demonstrate the positivity of

solutions for all other differential equations in system (3.4). Thus,
{S(t),V(t),E(t), L.(t), Is(t), T(t), T(t), Ts(t), R(t)} >0, Vt>0 4.7)

This confirms that the solutions of the model system (3.4) remain positive for all ¢ > 0.
4.2.2 Boundedness of the solution

The model system (3.4) pertains to the human population; therefore, it is necessary to
demonstrate that its solutions are bounded for all ¢ > 0. The following theorem is used

to prove the boundedness of the solutions:

Theorem 4.2. Given the positive initial conditions, the feasible region is defined as:

0= {(S(t), V(t), B(t), I,(t), Is(t), Te(t), Tu(t), Ts(t), R(t)) € RS : N < g} 4.8)
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Proof. The sum of all equations in system (3.4) represents the total human population in

the model and satisfies the following equation:

dN
% =TT — ,uN - 51]5 - 62TS (49)

In the absence of mortality due to pulmonary TB infections, 6; = d2 = 0. Therefore,
equation (4.9) simplifies to:
dN

L —gx—uN 4.10
=T H (4.10)

By integrating equation (4.10) and applying the initial condition at ¢ = 0,
N(t) = N(0), yields:

N(t) = g + (N(O) - g) et (4.11)

As t — oo, the population N (¢) — %> implying that 0 < N (t) < Z. Thus, the feasible

s
I

solution of the system enters and remains in the region:
Q= {(S(t)a V<t)7 E(t)> Ia<t)7 [S(t)a TE'<t>7 Ta<t)7 TS(t)> R(t>) € Ri : N < g}

Therefore, the basic model is well-posed epidemiologically and mathematically, and it is
sufficient to study its dynamics in €.

4.2.3 The disease-free equilibrium point

The disease-free equilibrium is a fundamental concept in the analysis of epidemiological
mathematical models. It represents a state where the entire population is free of infection,
with only the susceptible and potentially vaccinated compartments populated. This equilib-
rium serves as a baseline to assess whether a disease can invade and persist in a population
or eventually die out.

The disease-free equilibrium point of the system (3.4) is obtained by setting the latently
infected class, all infectious classes, all classes undergoing treatment, and the recovered

class to zero, i.e., E = [, = I¢ =Ty = T, = Ts = R = 0. Therefore, the following
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equations are obtained:

(1—P)r—uS=0
(4.12)

Pr—puV =0

Solving system (4.12) yields:

SOZ<1_P)7T VOZE
wo t

The disease-free equilibrium is thus given by:

(1-P)r Prm

BY = (8%, VO E° 10 19,19, T° 19, R) = ( ,—.0,0,0, 0,0,0,0) (4.13)
f f

Y Ta)

where: BO = (SO,VO,E07137Ig7Tg'7Tc?7Tg7RO)

denotes the disease-free equilibrium of the formulated model.

4.2.4 The control reproduction number and basic reproduction
number

The control reproduction number is a threshold parameter that governs the spread of dis-
eases. It is defined as the expected number of secondary infections produced by an index
infected individual during his entire period of infectiousness in a population that is not
entirely susceptible due to the presence of control efforts. The basic reproduction num-
ber is defined as the average number of secondary infections caused by a single infectious
individual during his entire infectious period in a population that is entirely susceptible
(Driessche et al., 2020).

The Next-Generation Matrix method, as outlined by Driessche et al. (2020), was used to
determine the control reproduction number, derived from the matrix’s spectral radius. The

model equations for the infected classes are rewritten as follows:
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B =AS+(1—pAV — (

Do =020, — (& + p)T,,

X b 2240+ ) B,

dt 1+mE 1+mE
. E

% = 1me — (O +w+ p)la,

% - liifE +w[a— (03+(51+M)]57

\% =035 — (02 + &3+ 1) Ts.

(4.14)

Applying the principle of the next-generation matrix, the matrix of new infection terms,

denoted by f, and the matrix of remaining transfer terms, denoted by v, are obtained as

follows:

(s + 525 +0+p)E

1+mFE 1+mFE
x1t
0 I, — ——
(0 +w + p) 1Ei_mE
X2
Os + 0 Iq — —
(05 + 61+ p)ls L+ mE

(& 4+ p)T, — 621,
(02 + &+ p)Ts — O3l

wl,

The Jacobian matrices of f and v with respect to F, I, I5,T,, and T at the disease-free

equilibrium (4.13) are then obtained. This process is simplified by assigning f and v as

follows:

S
f2

Ja
/5]
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where:

fi=AS+ (1= p)V, vl:(1+X;71E+1+X7271E+91+M)E’
f2=0, U2=(92+W+H)Ia—%,

J3 =0, U3_(93+51+M)IS—%—WICU
Ji=0, vy = (§o + )T, — 021,

J5=0, vs = (0g + &3 + ) Ts — 0315

Here:

A=bl,+cls+dl, +elg

where:

b = [ns, is the transmission rate for asymptomatic individuals undergoing treatment.

¢ = (s, 1s the transmission rate for symptomatic individuals undergoing treatment.

d = [y, is the transmission rate for asymptomatic individuals.

e = (3, is the transmission rate for symptomatic individuals.

The Jacobians of f and v are obtained by differentiating each function with respect to their
respective variables. These Jacobians are denoted by F' and V/, respectively, and are deter-

mined as follows:

ofi 90fi O0fi 90fi Oh

oE 0l, 0Ig 01, OJTs

Ofr 0fs 0fs Ofr Of
0FE 0I, 0ls OI, OTls

OE 09I, 0Is 0T, JTs

Ofy Ofy 0Ofs 0fs 0Ofy
oF 09I, 0Is 0T, O0Tg

Ofs Ofs Ofs 0Ofs Ofs
| OF 09I, 0lIs 0T, OJTs |
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Qv duy v du v
OE 01, 0ls 0T, Ol

Qug Ovy vy Ouvy  Ovy
oE 91, 9ls 0T, Ols

V= |9 0Jvs Ouvsz 09vz Oug
0E 09I, 0Is 9T, OTs

Qva Ovy Ova Ovy Oy
oE oI, 0Is 0T, 0OTs

Odvs Ovs Ouvs Ovs Ous
OE 01, 0ls 01, 07Ts ]

The Jacobian matrices of F' and V' at the disease-free equilibrium are then expressed as:

0 dS°+ (1—p)dV® eS°+ (1 —p)eV® bSO+ (1 —p)bV° ¢S°+ (1 —p)cV?
0 0 0 0 0
F=10 0 0 0 0
0 0 0 0 0
0 0 0 0 0 |
X1+ x2+6i+u 0 0 0 0
—X1 Oy +w+p 0 0 0
V= —X2 —Ww 93 + 51 + n 0 0
0 —0, 0 o+ 1 0
i 0 0 —05 0 0o + &3+
Using Mathematica software, the inverse of V' was found to be:
- 1 -
0 0 0 0
X1t x2+ 01+ p X
AL S 0 0 0
c Oy + 1+ w
) X1w + x2(b2 + p 4+ w) w 1
V= = — —_— 0 0
Co C3 93 + (51 +u
02x1 @ 0 1 0
C4 Cs p+ &
O3x1w + O3x2(0s + p + w) 3w b3 0 1
L Ce 7 Cs §3 + 02 + i
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where:
a=M1+x2+60+p)0+p+w),

¢z = (03 + 01+ p)(x2+x1+ 01+ p) (02 + p+w),

c3=(05+ 61+ p)(02 + o+ w),

ci=(xe+x1+ 01+ p)(p+&)0+p+w),

5= (b +&) (02 + p+w),

c6 = (& + 02+ 1) (03 + 01 + ) (x2 + x1 + 01 + p) (02 + p + w),
cr = (& + 0o + 1) (03 + 01 + ) (02 + p + w),

cg = (&3 + 02 + ) (03 + 61 + p).

The product of F and V! then becomes:

_a1+a2+a3+a4 as +ag +ay+ag ag+ ajg a1 a2
0 0 0 0
FV=h= 0 0 0 0
0 0 0 0
I 0 0 0 0
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where:

x1d

BT Ot ptw) i+ X2+ O+ ) [5°+ (1= p)V],

Pl r o +€;£3<(1£: j: ﬁﬁ%;;i?j 0+ ) [S°+ (1= p)V7,
B0+ p+w)a jX;ji ot )it &) [S°+ (1= p)VY],

S TR TG L b T S AV
0= g 150 (L= V)

R :)2252 + it w) [5°+ (1 =)V,

= e S -V

S PR IDICE fiir )0+ 1+ ) (SO 4 (1 — p)VY,

W= g 1S AV

= 187 (L= V)

an = ————[$"+ (1- )V}

E3+ 02+ 1

The eigenvalues of matrix F'V ! are determined as follows:

(a1 +as+as+as) — A as+ag+ar+as ag+aypy an a2
0 0— A 0 0 0
0 0 0—A 0 0
0 0 0 0—Xx 0
0 0 0 0 0—AX
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= ((a1 +as +as+ asg) — \) =0

= [(a1~|—a2+a3+a4)—)\})\4:0

Either

)\4:0 = )\1:/\2:)\3:)\4:0

or

(a1—|—a2+a3+a4)—)\:0 = /\5:a1+a2+a3+a4.

Among the eigenvalues \;, Ay, A3, A4, and A5, the dominant eigenvalue is As.

Therefore, the control reproduction number is given by the following equation:
RC:/\5ZG1+CLQ+G3+6L4 (415)

By substituting a;, as, as, a4, b, c,d,e, V°, and S° into equation (4.15), the control re-
production number (Rcys7) with vaccination, screening, and treatment of all forms of

pulmonary tuberculosis as intervention strategies is expressed as:

B [(Th)ax3+X1w+xzx2)I5x6+77392><1963966+?7293995(X1W+X2x2)] [@er (4.16)

Revsr =

T1T2T3T5L6

where:

r1 = X1+xet+0i+p, o =Otwtp, x3=03+01+pn, x5 =~E+p, T = a3+

Without vaccination intervention, the fraction of recruits vaccinated, P, equals zero. Con-
sequently, the parameter p, representing vaccine efficacy, also becomes zero since there

will be no vaccinated population. Substituting P = p = 0 into equation (4.16) gives the
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control reproduction number (Ros7) with screening and treatment as the only intervention
strategies. Rogr 1S thus expressed as:

B [(771X1903 + x1w + Xx2x2)xsz6 + N302X12326 + 20325 (X 1W + X222) m

Reosr = 4.17)

T1X9X3T5T6
Considering the presence of latently infected and asymptomatic infectious individuals in the
population without their screening, the parameters 61, 65, and &; become zero. Substituting
01 = 0, = & = 0 into equation (4.16) gives the control reproduction number (Rcy 1) with
vaccination and treatment of the symptomatic population as the only intervention strategies.
Revrg 18 expressed as:

B [(771 X1(03+81+p)+xa1wtxz (Btw)) (§3+52+1)+m203 (X1 W+X2(#+w))} [(I—P)ﬁ‘F(l—P)Pﬁ
Revry = 1T+ @+ 1) (0301 1) (52 F 5 T 1)

(4.18)

When there is no vaccination of recruits and screening of both latent infected and asymp-
tomatic infectious populations, the parameters 61, 65, &, P, and p become zero. Substitut-
ing 01 = 0, = & = P = p = 0 into equation (4.16) gives the control reproduction number
(Rcrg) with the treatment of the symptomatic population as the only intervention strategy.
Rery 1s expressed as:

Rep. = ﬁ[(n1X1(93+51+”)+X1W+X2(“+W))(§3+52+M)+77293(X1W+X2(M+W))}g 4.19
cTs = o xe + 1)@+ 108 - 01 T )02 + & 1 10) @.19)

Finally, considering the absence of any intervention measures, meaning no vaccination of
recruits, no screening of latently infected or asymptomatic infectious populations, and no
treatment of pulmonary tuberculosis, the parameters P, p, 01, 05, 03, &, &3, and 0, become
zero. Substituting P = p = 6, = 05 = 03 = & = &3 = do = 0 into equation (4.16) gives
the basic reproduction number (Ry) as:

R ﬁ[’]le(fﬂ +M)+X1W+X2(u+w)}g a0
‘T (x1+x2+p)(w—+p)(dr +p) (4.20)

4.2.5 Local stability of disease-free equilibrium

The local stability of the disease-free equilibrium is a critical aspect of analyzing the dy-
namics of infectious diseases within a population. This stability analysis helps determine
whether small perturbations around the disease-free state result in the system returning to
equilibrium or deviating toward disease prevalence. The following theorem is employed

to illustrate the stability of the disease-free equilibrium point:
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Theorem 4.3. The disease-free equilibrium point is locally asymptotically stable if Roy st <

1 and unstable if Roysr > 1.

Proof. To prove the local stability of the disease-free equilibrium, the Jacobian matrix of

system (3.4), evaluated at the disease-free equilibrium point B, is derived as follows:

- 0 0 —dS° —eS® 0 —bS" —eS° o

JBY=10 0 y» w —a3 0 0 0 0 (4.21)

0 0 0 0o 0 0 —5 0 0
0 O 0 0 05 0 0 -z 0

where:
r1 = X1+ X2+ 01 + u, T =0y + w + p, x3 =05+ 01 + p,
Ty =& + by 5 =& + b, re = 02 + &3 + K,
Ty =0+ U, Hl = (1_p)dV07 H2: (1_p)€V0’
Hs = (1—p)bV?°, Hy=(1-p)cV?, Hs =dS° + (1 — p)dV°,

Hg=eS"+ (1 —p)eV®,  H;=bS"+(1-p)bV°,  Hg=cS"+ (1 —p)cV°.

Then, the eigenvalues of equation (4.21) are determined as follows:

Either,

(=(u+ ) (= + ) (=(z7 +A)) =0 (4.22)
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—r1— A Hs Hy 0 Hy Hyg
X1 —Ty — A 0 0 0 0
X2 w —x3 — A 0 0 0 0 423)
01 0 0 —xy— A 0 0
0 0, 0 0 —x5 — A 0
0 0 05 0 0 —xg — A

Using the Routh—Hurwitz criterion, which states that all eigenvalues of the Jacobian matrix
must have negative real parts for stability, the roots of equation (4.22) are determined to be

strictly negative, as follows:

Al =Xy = —u < 0, A3 = —x7 = —(O' + ILL) (424)

The characteristic polynomial of equation (4.23) is given as follows:

MiAS + MoN® + MMt + M3 + MsA? + Mg\ + My =0 (4.25)

The coefficients M, Ms, M3, My, Ms, Mg, and M7 are determined using Mathematica
software, as shown below:

My =1>0,

My =21 + 29 + 23 + 24 + 5 + 6,

M =x6(x1+ a0+ a3+ x4+ 25) +5(01 + 22+ 24) + 24(21 + 20 +23) + 23(21 +22) +
122 — Hsx1 — Hexo,

My = zglzs(71 + 29 + 23 + 4) + 2421 + T2 + 73) + 23(T1 + T2) + 179 — (H5)x1 +
Hex2)| + @s[za(z1 + 22+ 23) + 23(21 + 22) + 2122 — (Hs X1 + HoXo)] + za[zs (21 +22) +
129 — (Hsx1 + Hsx2)| + x3(2120 — HsX1) — x2Hex2 — wHex1 — 62 Hrx1 — O3 Hsxo,
My = xglraxs(xy + o + x3) + 2325(21 + X2) + Tows51 + T3x4(21 + 22) + T122(23 +
x4) — Hsxa (@3 + 24 + 25) — Howxa — Hexa(2 + 24 + x5) — Hrbax1] + 5[2172(23 +

Tq) + 2324(21 +22) — Hs X1 (234 24) — Howx1 — Hex2(22 +24) — HgbsX2) + Ta[x30001 —
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Hsx1w3 — Howx1 — Hexowa — Hrblox1 — Hslsxa] — Hrbox103 — Hgl39w9 — Hglswx1,
Mo = w6[r122(0374 + 2375 + 2475) + T324(2125 + 275) — Hs X1 (V374 + 2325 + T425) —
Hewx1(r4 + 5) — HeX2(Tam4 + 225 + 2475) — Hrthhxi (w3 + 24)] + @5[T1202374 —
Hsx1w324 — HeXoas — Howx174 — HywsXa(w2 + 74) — Hgwlsx1] + 24|~ Hrb2 X173 —
Hg03(zax2 + x1w)],

My = 212223047586 — Ta[V526 (T3 Hs X1+ He (X2T2 +X1w) ]+ HrX 122306+ Hsws w5 (X222 +
x1w)].

According to the Routh-Hurwitz criteria, M; > 0, My > 0, M3 > 0, M5 > 0, Mg > 0,
and M, > 0.

From M; > 0, it follows that:

T1T9T374T5T6 — Ta[T5T6[T3HsX1 + He(XoT2 + X1w)] + HrX10a7376 + Hsb35( X272 +
x1w)] >0

= [r5x6[r3Hs X1+ He (X222 +X1w)]+ Hrx1wek3x6+ Hsws s (XaTa+x1w)| < T129T3%5%6

_ [wsw6 (23 Hsx1 + He(xawa + x1w)) + Hrx102a36 + Hyf3w5( X222 + X1w)]
T1X2X3T5T6

<1 (4.26)

Substituting, Hs, Hg, H;, Hg, S° and V? in inequality (4.26), and rearranging yields:

Blmxizs + xaw + x2w2)526 + N302X12326 + 120375 (X1w + X272)] {(kf)w + (17,’1)1%}

<1

L1X2X3X5T¢
(4.27)

Comparing equation (4.16) and inequality (4.27), it follows that Roysr < 1.

The disease-free equilibrium point is considered to be locally asymptotically stable if the
control reproduction number Rqy g7 1s less than 1, indicating that the disease will die out
over time. Conversely, it is deemed unstable if Roy g7 is greater than 1, suggesting that the
disease will persist and potentially lead to an outbreak.

4.2.6 Global stability of disease-free equilibrium

The global stability of the disease-free equilibrium is crucial for understanding the long-
term behavior of infectious diseases within a population. Analyzing global stability in-
volves assessing whether the disease-free state is stable under all possible conditions and
perturbations.

The Castillo-Chavez method was used to investigate the global stability of the disease-
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free equilibrium, as illustrated in Castillo-Chavez and Song (2004).This method involves
decomposing the system into uninfected and infected compartments and applying suffi-
cient conditions under which the disease-free equilibrium is globally asymptotically stable
whenever the basic reproduction number Roysr < 1.

The model system (3.4) is first written as:

—d;t( =F(X,2),

(4.28)
dz
— =G(X, 2).

where:

X = (S,V, R)T represents the uninfected population, while

7 = (E, 1,15, Tg, T,, Ts)T represents the infected population.

The fixed point of system (3.4) is denoted by: U = (X*,0) = (@, %, 0,0,0,0,0,0,0).
The global stability of the disease-free equilibrium is established by theorem 4.4.
Theorem 4.4. The equilibrium point U = (X*,0) is globally asymptotically stable if

Rovsr < 1 and satisfies the conditions Ly and Lo, otherwise, it is unstable. Condition

Ll.‘

dX
o= F(X,0), X*isglobally asymptotically stable.

Condition Lo:
G(X,Z)=AZ - G(X,Z), G(X,Z)>0for(X,Z)cR.

where, A = D;G(X, Z) is a Metzler matrix.

Proof. From the system (3.4), F'(X, Z) and G(X, Z) are obtained as follows:

(1—-P)r+0R—(A+p)S

F(X,Z) = Pr—[(1—=pA+u]V (4.29)

6T + &1+ &Ts — (0 + p) R
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1+mFE 1+mFE
X1t
— (0 1,
14+ mE ( 2w ,u)
X2l

+ wl, — (934-(514-/1)[5

E— (& 4+ p)Te

QZIa - (52 + M)Ta

Os1g — (02 + &+ )T

AS+(1=pAV = (s + 225+ 0+ ) E

(4.30)

The first condition L, which states that X * is globally asymptotically stable, is investigated

to determine whether it is satisfied. Considering the first, second and ninth equations of

system (3.4), when there is no infection (i.e., A =0, T =T, = Ts = R = 0), it follows

that: ) )
(1—-P)r—pS
dX

EZ:OZ Pr—uV

0

The first equation of system (4.31) is given by:

as
> (1= Pr—
7 ( )T — pS

By separating variables and integrating, equation (4.32) can be written as

/(1—;)i—u52/dt

%ln((l—P)W—,uS) =t+c

This yields:

where c is a constant of integration. Hence,

(1— P)r— puS(t) = Ae

53

(4.31)
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where A is a constant. Therefore,

1 —P)r — Ae™#
s(t) = LI — Ae
1
Att=0,A=(1—- P)m — uS(0)
Therefore, the solution of equation (4.32) is:
1—-P 1-P
S(t) = u + (S(O) = u) e M (4.34)

ft 0

Ast — o0, S(t) — w Hence,
]

S* = % is the limiting (equilibrium) value of S(¢) as t — oc.
Applying the same approach to the second equation of system (4.32) shows that

V* = LT is the equilibrium value of V (t) as t — oc.

Therefore, X* = <@, %, 0) is globally asymptotically stable and satisfies condition

L.

The second condition L is investigated to determine whether it is satisfied as follows: Let

—1 H5 H6 0 H? H8
v —x2 0 0 0 0
leY w —x3 0 0 0

A= (4.35)

01 0 0 —z4 O 0

0 92 0 0 —XI5 0

0 0 93 0 0 —T¢g

where
= (y+a+0+p), Ty = (0 +w + p), x3 = (054 01 + ),
vy = (& + p), r5 = (& + p), w6 = (62 + &3+ 1),
_ X1 _ X2 _ 0 0
7_1—i-mE7 @ 14+mE’ Hs 5771<S+<1 p)V),

Ho=B(S"+ (1 =p)V"), Hy=PBns(S"+(1—p)V"), Hy=Pm(S"+(1-p)V").
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The product of A and Z is given as follows:

AZ =

~

G(X,Z)=AZ — G(X, Z), which upon computation yields:

G(X,Z)=

—2 B4 B(S°+ (1= p)VO) (i1, + Is + nsTy + 12Ts)

’YE - xZIa

oF +wl, — x3lg

01E — I4TE
ezla — .I‘5Ta
93]5 — l‘GTS

B(mla + Is + nsTy +12Ts)[(S° = S) + (VO = V)(1 - p)]

0
0
0
0
0

(4.36)

(4.37)

Since both the susceptible and vaccinated populations are bounded by S < S%and V' < V°,

and since 0 < p < 1, it follows that G4 (X, Z) > 0, Go(X,Z) = 0, G5(X,Z) = 0,

Gi(X,Z) =0,G5(X,Z) = 0,and Gg(X, Z) = 0. Thus, G(X, Z) > 0, and condition L,

1s satisfied.

Since both conditions L; and L, are satisfied, the point U = (X*,0) is globally asymp-

totically stable whenever Ry s < 1. Therefore, a disease-free equilibrium exists when

Reovsr < 1. This implies that each infectious case infects, on average, fewer than one

susceptible individual during the infectious period, indicating that the disease can be erad-

icated from the population.

4.2.7 The endemic equilibrium

The steady state at which pulmonary TB persists in the community is referred to as the

endemic equilibrium of the system (3.4). At this equilibrium, the rate of change in the pop-

55



ulation in each class is zero. Hence, the model system (3.4) can be represented as:

(

O0=(1—-P)n+0oR*— (A+p)S*,

0="Pr— ((L—pA+p)Vr,

0=AS"+ (1 = pAV* — (X5 + 225 + 61 + ) B,

0=9E" = (02 +w+ g,

10 =aB* +wl: — (03 + 6 + p)l%, (4.38)
0=0,E"— (& + )Tk,

0= 0x1; — (&2 + )17,

0=031¢ — (62 + &+ p)T¢,

0= 6T) +&T; +&T5 — (0 + )R
The steady state solution for system (4.38) is:

B* = (S*,V* E* I, 15, T4, T, T4, RY)

Y Ta?

Here:
+ _ (1-P)n+oR*
S - A**+M 9
* Pr
ve= (I=p) X +p°

v [a—p)ntu] [1-PymtoR | + (x4 ) (1—p) Prr*>

B = ,
(A=) (y+a+01+41) ((1—p)A** 412
P [a—p)x+u] [(1=P)m+o R ] 4y () (1—p) Pra=>
¢ (A=) (r+a-01-+12) ((1=p) A= 40 (Ba+wo-n)
S ( [a—p3+u] [1-P)rtor] +(/\**+u)(1—p)P7r) [0t p)+r]
I = (83401 +1) A% ) (r+a01+) ( (1= ) A= 41 ) (Ba-+eo-+11)
o < [a—p)r 4] [A=P)m+o R |+ ) (1—p) Prr
o= (&1t A+ (rhart 1) ((1-p) A7) ’
- Bay A" ( [a—p)3+u] [1=P)rtoR* |+ (x4 ) (1—p) Prr**

e (Ea+) (A +12) (y+a+01+11) ( (1=p) A= +12) (B2-+eo-+n)
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B ( [a=pr==t] [a=Pytor] +(/\**+u)(1—p)P7r> (@@t +e)

T =
3 (82+&3+4) (O3 +01+1) (AN** +1) (v+at81+4) ((1—p)>\**+u) (B24w+p)
A** ( [(17p)>\**+#} S*+(/\**+,u)(lfp)Pﬂ'/\**> (D1+D2+D3)
R = ,
(1=p)A"*12) (Qby+B1 1) (B -+eo-+12) (93451 +11) A1 Az A As
where:

Dy = 0105 + 01 + 1) (02 + w + 1) (02 + & + 1) (&2 + 1),
Dy = 02y(03 + 01 + 1) (02 + & + p) (&1 + 1),

D3 = 03[0 + w + p) + wy] (&1 + ) (&2 + 1),

Ar= (& +p), Ay = (& +p), As = (62 + & + ),

Ay =(o+p),y =g o= 225

4.2.8 Local stability of endemic equilibrium

The local stability of an endemic equilibrium in a mathematical model refers to the behav-
ior of the system in the vicinity of this equilibrium. Specifically, it involves determining
whether small perturbations or deviations from the equilibrium decay over time, indicat-
ing stability, or grow, indicating instability. The following theorem establishes the local

stability of the endemic equilibrium point:

Theorem 4.5. A positive endemic equilibrium exists and is locally asymptotically stable

whenever Riy,gp > 1.

Proof. For the disease to be endemic, the following conditions must hold:

(dE X1 X2

— = 1—p) AV — 0 E

g M=) <1+mE+1+mE+1+'u> >0,
dla_ XlE

T mE (0 +w+p)l, >0,

dls  xoF

= I, — (0549 Is >0,
i~ Tamp e Gt (4.39)

dT’
= 0E— (& +mTs >0,
dT,
=0l — (& + )T, >0,
dT:
\d—tS =035 — (02 + & + ) Ts > 0.
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By letting the natural immunity parameter m — 0 at the endemic equilibrium, the first

inequality in system (4.39) reduces to

(X1 + X2+ 01+ 1)E < XS+ (1= p)AV. (4.40)

Hence, we obtain
AS+ (1= p)AV

E <
X1+ Xx2+01+p

(4.41)
Substituting equation (3.2) into inequality (4.41) yields:

B(Is +mls+mTs +131,)S + (1 — p)B(Is + mls + n2Ts + n3T,)V

E < 4.42
X1 tx2t+01+u (4.42)
Inequality (4.42) simplifies to:
Is +mly +n2Ts +n3T,) S+ (1 —p)V
g o BUstml+mTs+mT) [S+ (1= p)V] (4.43)
X1+ X2+ 60+ p
From the steady state system (4.38), 17, IS, T, and T’ are respectively given as:
E*
=_—- (4.44)
Oy +w+p
ab* 4wl
Ig=—-—°%, 4.45
ST B+ 6, + p (445)
01
o _Za (4.46)
S+
0515
T = ——=>—. 4.47
Gt ot 447

Substituting equations (4.44), (4.45), (4.46), and (4.47) into inequality (4.43) gives:

XoE* 4wl mx1E* 20315 n N300
O3+01+p Ortwt+p Oo+&+pu S+p

] (S+(1-pV)

E* < (4.48)
X1+ Xx2+0i+p
Inequality (4.48) is simplified to obtain:
ﬂ[(mst + x1w + x222)®5T6 + N3b2x123T6 + M20375 (1w + xzwz)] <(1 - Pim + - p)P”) E*
B < # K’ (4.49)

T1T2T3T5T6
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After further simplification, inequality (4.49) is written as:

Bl(mxixs + x1w + xex2)rsze + N302X123T6 + 1n20325(x1W + X2$2)} ((I_P)W + (l_p)Pﬂ>

1< ] I
L1T2X3L5L6
(4.50)
However,
(1-P)r  (1—p)Pm
B | (mx1zs+xiwtxaz2)rsr6+n302x12326+120375 (X10+X272) (T+T)
T1T2T3T5T6 = RCVST

Therefore, inequality (4.50) can be expressed as:

1 < Revsr < Revsr >1 (451)

Thus, when the reproduction number Roy s > 1, the system reaches an endemic equilib-
rium. This equilibrium occurs when the number of new infections generated by an infected
individual exceeds one, leading to the sustained spread of the disease within the population.
4.2.9 Global stability of endemic equilibrium

The global stability of an endemic equilibrium in epidemiological modeling implies that
the disease will persist at a constant level over time from any starting point within the pop-
ulation, provided the initial conditions lie within a realistic and meaningful range. This
concept is crucial for understanding the long-term outcomes of disease spread and for de-
veloping effective public health strategies.

Global stability is demonstrated by constructing a Lyapunov function, which shows that,
regardless of the system’s initial state, the solutions converge to the endemic equilibrium.
A Lyapunov function V() is a scalar function that maps the state of the system z(t) to a

real number and satisfies the following conditions:
(i) V(z) >0 forall x # x*,
(ii) V(z*) =0,

<<
(111) n 0,
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where z* is the equilibrium point.

A negative derivative of the Lyapunov function with respect to time indicates that the en-
demic equilibrium attracts all trajectories in the invariant set, thereby proving that the en-
demic equilibrium is globally asymptotically stable within that set.

The following theorem illustrates the global stability of the endemic equilibrium:

Theorem 4.6. If Roysr > 1, the endemic equilibrium B* of the system (3.4) is globally

asymptotically stable.

Proof. The method of Lyapunov functions was used to prove the global asymptotic stability

of the endemic equilibrium. A Lyapunov function was proposed and defined as follows:

L=(S=S"+Smh%)+(V-V'+V'hn¥)+(E—E* + E*InZ)
* * I* * * T*
+(Is = I+ I5n32) + (T — Ty + T In 72)

(T =Ty + Ty ) + (T —TE+ Tein ) + (R— R+ R*In &) (4.52)

where,

SV B L I8 T, T, TS, R* are constants.

Y Ta?

The derivative of equation (4.52) with respect to time was determined as follows:

dL7S—S*d5+V—V*dV+E—E*dE+Ia—I;‘d]a I — I dlg
a S dt Vooodt E dt I, dt I dt
+TE—ngTE+Ta—T;dTa+TS—T§dTS R — R*dR

— 4.53
Tk dt T, dt Ts dt R dt (4.53)
Substituting system (3.4) equation (4.53) yields:
dL
—=K-Y 4.54
o (4.54)
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where:

R*S* AS*E* 1 — p)A\V*E*
K=r+0R+2 + —1—(1—,0)/\V+L
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02 + w + p] + 03 + 61 + p] +

(R— R")?

[02 + &+ ] + R

(€2 + 1] + [0+ u]

If K <Y, then ¢ <0, and 4 = 0 if and only if:

S=S5% Vv=V* E=F [I,=1I; Is=1I; Tg=1; 1,=1T,

Ts =T, R=R"

Therefore, the largest compact invariant set in:

(S, V* E* 15 I8, TE T TS RY) € Q- % = 0} is the singleton endemic equilibrium point
B*. Thus, from LaSalle’s invariance principle (La Salle, 1976), it is concluded that as
t — o0, the solution of the model system (3.4) approaches the endemic equilibrium B*
when the control reproduction number R ¢ > 1. Therefore, the endemic equilibrium
point B* is globally asymptotically stable in the invariant set 2 if K < Y.

The global stability is crucial for designing and evaluating intervention strategies. For
instance, if an intervention can alter the system’s parameters such that a disease-free equi-

librium becomes globally stable instead of an endemic equilibrium, it would imply that the

disease could be eradicated.
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4.2.10 Bifurcation analysis of the model

Bifurcation analysis in epidemiological modeling refers to the study of qualitative changes
in the behavior of a system as key parameters are varied. Backward bifurcation occurs when
a stable disease-free equilibrium coexists with a stable endemic equilibrium. In such cases,
reproduction numbers being less than one remain a necessary but not sufficient condition
for disease eradication. The possibility of bifurcation is explored using Centre Manifold
theory Castillo-Chavez and Song (2004). The analysis of the model’s bifurcation considers
two quantities: the coefficients a and b of the normal form representing the dynamics of
the system on the center manifold. Then, if a < 0 and b > 0, the bifurcation is forward.
Conversely, if a > 0 and b > 0, the bifurcation is backward. The coefficients a and b are

defined by the Castillo—Chavez theorem as follows:

(a_ - Uw.w.ﬂ

hgiml e ja?/z@%‘

” oy (4.55)
b= Rt Ly

2 i 55

Here, w is a right eigenvector of the Jacobian J(B*) for the system (3.14) at the disease-
free equilibrium, associated with the zero eigenvalue, while v is a left eigenvector of the
Jacobian J(B*) associated with the same zero eigenvalue, and (3 is the bifurcation param-
eter. The derivation of y; and f;, follows.

To determine the bifurcation of the model system (3.4), the variables are transformed as
follows:

S=uy,V =12, E=y3, Lo =ys,Is = y5,Tp = Y6, Ta = Y7, Ts = ys, R = yp.

Vector notation is introduced to represent multiple variables simultaneously as follows:

Yy = (Z/l; Y2,Y3, Y4, Ys, Y6, Y7, Ys, y9)T

The system of equations (3.4) can then be expressed as:

W — Fy), where: F = (f1, fa, f3, fa, fs fo frs fss fo)T

It follows that:
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(% =fi=0—-P)r+oys— A+ p)y,

% = fo=Pr— ((1 = p)A+ 1)yo,

% =fo=Ay (1= p)hye - (1 +X;ny3 i +X72ny3 o +N>y3’

% = fy= : fgijg — (02 + w + 1)y,

% = f5= #gjyg +wys — (03 + 01 + p1)ys, (4.56)
% = fo = 01ys — (&1 + 1) ye,

% = fr = Oyys — (S + p)yr,

% = fs = bO3ys — (65 + & + 1) ys,

\% = fo = &1Ys + Sayr + E3ys — (0 + 11)yo.

here, A = [(ys + My + n2ys + N3Y7)
where: N =y1 +vyo+ys+ys +Ys + Y6 + Y7 + Ys + Yo
The Jacobian of the system (4.56) at the disease-free equilibrium point, denoted by J(B*),

is given as follows:

[ 0 0 S A0 0 —pmS® —fmS o |
0 -4 0 —H, —H, 0 —Hy —Hy, 0
0 0 -= Hy Hy 0 M He 0
0 0 X1 —Z9 0 0 0 0 0
JBY=10 0 x» w -z 0 0 0 0 | 457
0 0 0, 0 0 —T4 0 0 0
0 0 0 0 0 0 —T5 0 0
0 0 0 0 05 0 0 —Tg 0
0 0 0 0 0 & & S

The control reproduction number was considered to be equal to one, i.e Ry, g = 1 and
B = [* was chosen as a bifurcation parameter. Then, the value of 5* was determined when

Rt gr = 1 from:
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((mxazs + xaw + x2x2) w526 + N362x17326 + 1720375 (X 1w + X272)) [(kp)ﬂ + uw)Pﬁ}

T T
1=p
L1X2X3L5L6
which yields:
B = L1L2L3L5L6

(1-P)w + (1—p)P7r]

[(ﬁleu’Us + x1w + x222)T56 + N3bax123%6 + N20375 (X1 W + szz)} [ . :

Using Mathematica software, it was determined that the Jacobian of % = F(y) at the
disease-free equilibrium point with § = 3* has one of the eigenvalues equal to zero. Hence,
the Center Manifold theory is applied to analyze the dynamics of the system near 5 = [5*.
The Jacobian [J(B)] near 3 = 3* has a right eigenvector associated with the zero eigen-
value, denoted by:

w = (wy, Wa, W3, Wy, Wy, We, W7, Ws, Wo) T,

which satisfies the system:

-1 0 0 —BmS® —BS° 0  —BmpSY —pmSY o | |w 0
0 —u O —H; —Hs 0 —Hj; —Hy 0 w9 0
0 0 -z Hs Hg 0 Hy Hg 0 | |ws 0
0 0 xi —y 0 0 0 0 0 | |wy 0
0 0 xo w —z3 0 0 0 0 ws| = 0] (4.58)
0 0 6 0 0 —ay 0 0 0 | |we 0
0 0 0 6, 0 0 x5 0 0 | |wr 0
0 0 0 0 03 0 0 —xg 0 | |ws 0
o 0 0 0 0 &1 & €3 —z7| |wy 0
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From this system, the following equations are obtained:

(

—pwy — B S®wy — BS ws — B3 SPwr — BraSPws + owy = 0,
—pws — Hywy — Hows — Hywy — Hywg = 0,
—xws + Hywy + Hgws + Hywy + Hgwg = 0,
X1ws — Tawy = 0,
X2Ws + wwy — z3ws = 0, (4.59)
01ws — xqwg = 0,
Orwy — x5wy = 0,

Osws — wewsg = 0,

§S1we + Swr + {3wg — wrwy = 0.

Solving the system of equations, yields:
(BmS w4 4 BS ws + Bz S wr + 1S ws) + owy

w1 < 0,we = wy >0,
1
1w 2W3 + Wy O1ws Oowy
wy = X Sy = X2 T s = >0, wy= >0,
Osws 1We + §owr + §3ws
wg = >0, wyg= 3 3 ¢ > 0.
Te Xr

Furthermore, the Jacobian [J(B°)] of the model near 3 = 3* has a left eigenvector associ-
ated with the zero eigenvalue, given by:
v = (v, V2, V3, Vs, Vs, Vs, U7, Vs, Vo),

which satisfies the system,

— o 0o o o o o o o]fwul [0
0 w0 0 0 0 0 0 0w 0
0 0 —x1 X1 X2 01 0 0 0 U3 0
—pmS® —H, Hs -z w 0 0 0 0 Va 0
JB=| -Bs® —Hy, Hs 0 —x3 0 0 65 0 |lvs|=]0 (4.60)
0 0 0 0 0 —z4 O & Vg 0
—pn3S® —Hs H; 0 0 0 —z5 O & vy 0
—BneSY —H, Hg 0 0 0 0 —xg &3 Vg 0
o O 0 0 0 0 0 0 —w|v| [0]
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From system (4.60), the following system of equations is obtained:

—pvy = 0,

—pv2 =0,

—T103 + X1V4 + X205 + O1vg = 0,

— B Sy — Hyvy + Hsvs — xov4 + wus + 07 = 0,
—B3S%4 — Hovy + Hgvg — 2305 + O35 = 0, (4.61)

—x406 + 109 = 0,

—Bn3S°v1 — H3vy + Hyvs — 507 + Eug = 0

—Bn28%; — Hyvy + Hgvs — x6vs + E309 = 0,

\ ov1 — x7v9 = 0.

Solving system of equation (4.61) yields:

v = 0,09 =0,v3 =v3 > 0,04 = HE’”3”L:‘;—;*’”Le””>O1}5 &”3;&>0v6—0

’U7:H7v3>01)8 H8U3>0U9—0

Equations (4.55) are then used to compute a and b. To compute a , 99; g’; was determined

as follows:

2fs _ 9%fs __ 2fs _ 9%fs __ 0%fs _ 9%fs __
Oy10ys ~— Oyadyr 6,’71’ Oy10ys ~ Oys0y1 ﬂ’ Ay 0yr — Oyrdyr /8773a and

Ofs _ 0%fs __
0y10ys Aysdyr 5772'

Thus,

a = 2uswi fwan + w5 + wrnz + wgne < 0

92 f

To compute b was determined as follows:

> 99:08
8‘221];36 = Ys + MYs + M2ys + N3Y7, 8y2 = (L = p)(ys + mya + n2ys + m3y7),
dys = M+ (L= p)ye)s s = yu+ (1= p)yss o5 = ms(ys + (1= p)ya), and
8‘2?;”5 =n2(y1 + (1 = p)ya2).
Thus,

b = vg[wi(ys + mya + N2ys + 1sy7) + w21l — p)(ys + Mya + N2Ys + N3y7) + wan (Y1 +

(1= p)ya) +ws(yr + (1 = p)y2) + wens(yr + (1 — p)ya) + wsna(y1 + (1 — p)y2)] > 0
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Since a < 0 and b > 0, the model system (3.4) has no backward bifurcation at R, ¢p = 1.
The absence of backward bifurcation implies that it is possible to eradicate pulmonary TB
whenever an index case of an infectious individual infects, on average, less than one person
during the infectious period.

4.2.11 Sensitivity analysis on control reproduction numbers

In this section, a sensitivity analysis of the reproduction numbers is presented to determine
the relative importance of various parameters responsible for the transmission and preva-
lence of pulmonary TB in the population. The normalized forward sensitivity index was
employed to perform the sensitivity analysis, as used by Makinde and Okosun (2023). The
normalized sensitivity index, which measures the relative change in a parameter, say k£,

with respect to the reproduction number B¢, is given by:

ORc k

Yhe - Z22¢ 0 2
k ok  Rc

(4.62)

Mathematica software was used to compute expressions for the sensitivity analysis of
the control reproduction number relative to selected model parameters, employing equa-

tion (4.62). The results are given as follows:

TgCVST -1
TRCVST - _ 01
b1 pH01+x1+x2

YRovsr — Xi [m3zex2(02(p401)—5 (u+02)+mz3ws) —03x2 (n2@s —nm3we02)+(u+01) (x326 (25 +1302) +wzs (e +n203))]
X1 o1 [w2ws5 X2 (26+n203)+X1 (336 (M T5+1302) +was (T6+n203))]

YRovsr — X2 [77293X1x5(u+92)—x3w6><1 (mxs+n302)+n203w225(01+1)+T576 ((u+x1 +X2)(u+92)—w(u+91))]
X2

1 [w2x5><2(x6+77293)+$6903><1(771w5+n392)+r5><1w(r6+77293)}

Yhesr — 0 [’73“5‘39”6X1+x2x5><2($6+W293)—’73I3x692xl—77296593(wX1+X2062)—x5x6 (ﬂ?sz+X1(n1x3+w))]
0 =
? 2 [332$5X2(336+7I293)+X1 (araa:a(mm +n392)) +w5W(w6+7I293)]

03 _

YERevsr _ x503 (xew+x2z2)[z6—n2(1+61)]
z3 [l‘zﬂvsxz (w6+n203)+x1 (x:sl‘e (mzs+n302)+hsw(ze+n2 93)) ]

Rovsr — _ 1
TP =1+ —14pP

where:
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rn=M1+xa+tbh+p), xo=02+w+p), x3=035+0+n), zs= %+ W),
zg = (0g + &3+ ).

Expressions for the sensitivity analysis of the other reproduction numbers Rcsr, Revrg,
and, R, can also be determined using a similar approach.

The parameter values in Table 4.1 were used to calculate the sensitivity indices of the re-
production numbers for the parameters [, p, x1, X2, 01, 2 and 03 using equation (4.62) im-
plemented in Mathematica software. The calculated sensitivity indices of the reproduction
numbers are presented in Table 4.2. A positive sensitivity index indicates that the reproduc-
tion number is an increasing function of the corresponding parameter, whereas a negative
sensitivity index indicates that the reproduction number is a decreasing function of the cor-
responding parameter. Thus, increasing a parameter with a positive sensitivity index, while
holding other parameters constant, increases the reproduction number, whereas increasing a
parameter with a negative sensitivity index, while other factors are held constant, decreases

the reproduction number (Chowell and Hyman, 2023).

4.3 Numerical Simulations of the Model

Numerical simulations of the system of model equations (3.4) were conducted to predict
the epidemic behavior of pulmonary TB. These simulations were performed using MAT-
LAB?’s built-in ordinary differential equation solver, the ode45 function. The ode45 func-
tion utilizes fourth- and fifth-order Runge-Kutta methods with a variable time step to en-
sure efficient computation (Dormand and Prince, 1980). To estimate the initial conditions
of the steady states, the Kenyan population, which is approximately 53,704,243 according
to Kenya National Bureau of Statistics (KNBS) and ICF (2023), was used. This population
is equivalent to:

N=S+V+E+I,+Is+Tg+T,+Ts+R.

The initial state values are as follows:

S(0) = 1182969, V(0) = 26294166, E£(0) = 13442825, 1,(0) = 59557,

Is(0) = 37949, Tx(0) = 300000,7,(0) = 40000,7s(0) = 91560, R(0) = 12255217,
based on the NTLLDP 2022 data. The initial state and parameter values in Table 4.1 were

used to perform numerical simulations, and the results are presented as follows.
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Table 4.1

Parameter values for the pulmonary TB model

Parameter Value Source

s 1514825 year—!  KNBS (2023)

P 0.8 year—! KNBS (2023)

p 0.5 WHO (2023)

w 0.0147 year—1 KNBS (2023)

6, 0.34 year—! NTLLDP (2022)
X1 0.05 year—! NTLLDP (2019)
X2 0.1 year—! NTLLDP (2019)
w 0.6 year ! NTLLDP (2022)
m 0.0003 Estimate

5 0.5 year—! WHO (2024)

52 0.06 year—! NTLLDP (2021)
0 0.2 year—! NTLLDP (2022)
03 0.63 year! NTLLDP (2022)
& 0.85 year™! NTLLDP (2020)
& 0.8 year—! NTLLDP (2021)
& 0.75 year™! NTLLDP (2021)
o 0.08 year—! NTLLDP (2022)
6 0.15 year—! NTLLDP (2021)
1 0.003 Estimate

72 0.002 Estimate

N3 0.0016 Estimate

Source: Researcher (2024)

Table 4.2

Sensitivity indices of TB model reproduction numbers

Parameter Rcvsr Rcgr Revrg Rerg
0, -0.673668  -0.673668 — —
0, -0.751639  -0.751362 — —
05 -0.5690921 -0.0519066 -0.0519052 -0.569053
P -0.666667 —  -0.6666667 —
X1 +0.11309 +0.113028  +0.024444 +0.0245257
X2 +0.589703 +0.589756 +0.0648092 +0.0647274
I&; +1 +1 +1 +1

Source: Researcher (2024)

4.3.1 Change in population over time across different compartments
In this subsection, the changes in population over time across different compartments are
predicted and discussed. Additionally, strategies to reduce the transmission of active pul-

monary TB infections within the community are suggested.
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Figure 4.1

Change in population over time across different compartments
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Figure 4.1(a) illustrates the change in the susceptible population over time. The susceptible
population is observed to decrease and eventually reach equilibrium. Before the epidemic
peaks, more susceptible individuals become infected and transition to the latent class than
are replenished through births and waning immunity. This trend is attributed to the high
rate of infection transmission. Consequently, the susceptible population declines over time.
Equilibrium is achieved as the susceptible population is continuously replenished by new
births and individuals whose immunity wanes. To address this, it is crucial for all mothers
to deliver in healthcare facilities to ensure that newborns are vaccinated, thereby signifi-
cantly reducing the size of the susceptible population. The depletion of the susceptible pool
implies that each infected individual may eventually be unable to transmit the infection to
at least one other person, rendering the epidemic unsustainable and ultimately leading to
its resolution.

Figure 4.1(b) illustrates the change in the vaccinated population over time. The vaccinated

population is observed to decrease steadily. This decline is attributed to the low efficacy of
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the currently used pulmonary tuberculosis vaccine and the waning of its protective effects
over time. Consequently, a significant number of vaccinated individuals lose immunity and
transition to the latent class after becoming infected. However, the vaccinated population
does not drop to zero, as it is continuously replenished by children born in healthcare facil-
ities who receive the vaccine. Given the limited efficacy of the BCG vaccine currently in
use, there is an urgent need for researchers to develop a more effective vaccine to provide
better protection for the vaccinated population.

Figure 4.1(c) illustrates the change in the latent infected population over time. The latent
infected population is observed to increase initially, reach a peak, and then decrease. At
the onset, the percentage of the susceptible population is sufficiently high to facilitate the
spread of infection, leading to a rise in latent infections. Before the peak is reached, the
number of susceptible individuals transitioning to the latent class exceeds those replenished
through births and waning immunity, causing the susceptible population to decline. As the
susceptible population decreases over the course of the epidemic, the control reproduction
number also decreases, leading to a reduction in the rate of infection transmission over
time. The peak occurs when the control reproduction number declines to one. As it falls
further below one, the epidemic prevalence diminishes. Additionally, the number of latent
infected individuals is observed to decrease to zero after 20 years. This decline is attributed
to a reduced transmission rate, combined with sustained screening and treatment efforts.
These findings underscore that treating latent infections is a critical strategy for controlling
pulmonary tuberculosis transmission, as it reduces the reservoir of latent infections that
could otherwise reactivate during an individual’s lifespan.

Figure 4.1(d) illustrates the change in the asymptomatic infectious population over time. It
is observed that the asymptomatic infectious population decreases initially before reaching
equilibrium. This decline is attributed to the implementation of control measures, which
lead to a stable equilibrium where a small portion of the population remains infected. The
asymptomatic infectious population stabilizes at an endemic equilibrium, with the control
reproduction number remaining constant, as the pool of susceptible individuals is continu-

ously replenished through new births and waning immunity. These findings highlight the
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importance of strategies to trace, screen, and treat infectious contacts as essential efforts to
mitigate the persistent spread of pulmonary tuberculosis infections within the population.
Figure 4.1(e) depicts the change in the symptomatic population over time. It is observed
that the symptomatic population decreases over time. This decline occurs because the
screening of asymptomatic infectious and latently infected individuals reduces the number
of people who would otherwise progress to severe disease. Furthermore, the symptomatic
population stabilizes at an endemic equilibrium. This stabilization occurs because the pool
of susceptible individuals is continuously replenished through new births and waning im-
munity, resulting in a small portion of the population remaining infected. However, once
the susceptible population is replenished to a level where infectious individuals can cause
at least one secondary case, the epidemic recurs, leading to cyclical outbreaks. Therefore,
there is a critical need to develop a new, more effective vaccine to achieve sufficient herd
immunity in the population and ultimately prevent epidemic cycles.

Figure 4.1(f) illustrates the change in the population of latently infected individuals under-
going treatment over time. It is observed that this population initially increases, reaches a
peak, and then decreases. At the beginning, the proportion of latently infected individuals is
sufficiently high, leading to an increase in the number of individuals screened and initiated
into latent treatment. Just before the peak, more latently infected individuals are screened
than are added through new infections. The peak occurs when the rate of latent screening
matches the rate of latent infection. After the peak, the proportion of infected individu-
als becomes too low, resulting in a decrease in the number of individuals being screened
and, consequently, a decline in the population undergoing latent treatment. Additionally,
the treatment of latently infected individuals is effective, causing the treated population to
transition to the recovered class, thereby further reducing the population undergoing latent
treatment.

Figure 4.1(g) illustrates the change in the asymptomatic infectious population undergo-
ing treatment over time. It is observed that this population initially increases, reaches a
peak, decreases, and then attains equilibrium. At the beginning, the proportion of asymp-

tomatic infectious individuals is sufficiently high, leading to more individuals being iden-
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tified through screening and initiated into treatment. At the peak, the rate at which asymp-
tomatic individuals are screened matches the rate at which they are added through new
infections. After the peak, the decrease in the asymptomatic population results in fewer
individuals being identified through screening, causing a subsequent decline in the asymp-
tomatic infectious population undergoing treatment. Eventually, equilibrium is reached as
the asymptomatic infectious population undergoing treatment is continuously replenished
by new individuals from the infectious population.

Figure 4.1(h) depicts the change in the symptomatic population undergoing treatment over
time. This population initially experiences a slight increase, followed by a significant de-
crease, before ultimately reaching equilibrium. At the onset, the proportion of symptomatic
individuals is sufficiently high, leading to an increase in the number of individuals seek-
ing treatment. However, the screening of asymptomatic infectious and latently infected
individuals reduces the progression to severe disease, resulting in a decline in the number
of symptomatic individuals requiring treatment. Equilibrium is eventually reached as the
population seeking treatment is continuously replenished by new individuals from the in-
fectious classes. Since treatment reduces the number of individuals capable of transmitting
infections, it serves as an effective strategy for combating pulmonary tuberculosis within
the community.

Figure 4.1(i) depicts the change in the recovered population over time. The recovered pop-
ulation increases steadily before eventually reaching equilibrium. This increase occurs due
to the availability of effective treatment for all forms of pulmonary tuberculosis, enabling
individuals undergoing treatment to transition to the recovered class. However, the growth
is not exponential, as the immunity of recovered individuals wanes over time, causing them
to transition back to the susceptible class. The recovered population ultimately stabilizes at
equilibrium because it is continuously replenished by individuals recovering from various
forms of pulmonary tuberculosis.

4.3.2 Effects of varying natural immunity on the pulmonary TB

In this subsection, the predicted effects of varying natural immunity in populations with

pulmonary tuberculosis were analyzed to assess its role in preventing the transmission of
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infection to the susceptible population.

In the flow chart depicted in Figure 3.1, m represents natural immunity. Figures 4.2 and 4.3
illustrate the predicted impact of varying natural immunity on populations with pulmonary
TB. It is observed that an increase in natural immunity decreases the populations with pul-
monary tuberculosis. Furthermore, Figures 4.4 and 4.5 show that higher levels of natural
immunity reduce the populations with pulmonary tuberculosis seeking treatment. This re-
duction occurs because increased immunity decreases the reactivation of latent infections,
leading to lower transmission rates and, consequently, a smaller number of individuals
seeking treatment for pulmonary tuberculosis. These findings indicate that enhancing the
immunity of individuals with latent infections is an effective strategy for controlling the
spread of infections to the susceptible population.

4.3.3 Effects of varying screening rates on pulmonary TB

This subsection highlights the predicted impact of screening individuals who are latently
infected with TB and those within the asymptomatic pulmonary TB population. The re-
sults are analyzed and discussed with the aim of suggesting appropriate measures to curb
the spread of pulmonary tuberculosis in the community.

Referring to the flow chart depicted in Figure 3.1, 6, represents the rate of screening for the
latently infected TB population. Figures 4.6 and 4.7 illustrate the effects of screening la-
tently infected individuals on the pulmonary TB population. It is observed that an increase
in the screening rate for latently infected individuals significantly decreases the population
with pulmonary TB. Additionally, Figures 4.8 and 4.9 demonstrate that increased screen-
ing for individuals with latent TB infection reduces the population seeking treatment for
pulmonary TB. Screening latently infected individuals and initiating them on treatment re-
duces the transmission of infections to the susceptible population by decreasing the reacti-
vation of latent infections. The reduction in the population seeking treatment for pulmonary
TB not only lowers the rate of infection transmission to healthcare workers but also alle-
viates the strain on healthcare resources, particularly in developing countries. Therefore,
increasing the screening rate for latently infected individuals is an effective strategy for

controlling the transmission of tuberculosis within the population.
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In the flow chart depicted in Figure 3.1, 65 represents the screening rate for asymptomatic
infectious individuals. Figures 4.10 and 4.11 illustrate the effects of screening asymp-
tomatic individuals with pulmonary TB on the population with severe pulmonary TB dis-
ease and the population undergoing treatment, respectively. It is observed that an increase
in the screening rate for asymptomatic infectious individuals decreases both the population
with severe pulmonary TB disease and the population undergoing treatment. This reduc-
tion is attributed to the decreased progression of the asymptomatic infectious population to
severe pulmonary TB disease and, consequently, a smaller number of individuals seeking

treatment for the disease.

4.3.4 Effects of varying vaccine efficacy on pulmonary TB

This subsection examines the predictions of varying vaccine efficacy on pulmonary TB
disease to evaluate its impact on the transmission of infection to the susceptible population.
Referring to the model flow chart depicted in Figure 3.1, p represents vaccine efficacy.
Figures 4.12 and 4.13 illustrate the effects of varying vaccine efficacy on the symptomatic
and asymptomatic infectious populations, respectively. It is observed that an increase in
vaccine efficacy reduces the numbers of both symptomatic and asymptomatic infectious
individuals. This reduction occurs because a higher-efficacy vaccine enhances individual
immunity, thereby decreasing the proportion of the population infected with pulmonary

TB.

4.3.5 Effects of various intervention strategies on control
reproduction numbers

This subsection discusses the predicted effects of various intervention strategies on the
transmission of pulmonary TB. These strategies include screening for both latently infected
and asymptomatic infectious populations, as well as vaccination and treatment for all forms
of pulmonary TB.

Equations (4.16), (4.17), (4.18), and (4.19) represent the control reproduction numbers for
different intervention strategies: Ry sp for vaccination, screening, and treatment of all in-
fected cases; Rogr for screening and treatment of all infected cases; R¢y 1y for vaccination
and treatment of the symptomatic population; and Rcr, for treatment of the symptomatic

population alone. Figure 4.14 illustrates the effects of varying reproduction numbers with
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respect to the transmission rate (). Itis observed that Reysr < Resr < Rovrs < Rers.
This indicates that a combination of vaccination, screening, and treatment of all infected
cases is the most effective control measure in reducing infection transmission within the
population. Following this, the combination of screening and treatment of all infected cases
is the next most effective strategy, while the combination of vaccination and treatment of
symptomatic individuals ranks third. Finally, treating symptomatic cases alone is noted to
be the least effective strategy for reducing infection transmission in the population.

4.3.6 Effects of varying screening rates on control reproduction
numbers

In the model flow chart depicted in Figure 3.1, 6, represents the rate of screening latently
infected individuals, with Figure 4.15 illustrating the predicted effects of screening the la-
tently infected population on the control reproduction number. Similarly, 65 represents the
rate of screening the asymptomatic infectious population, as shown in Figure 4.16, which
displays the effects of screening this population on the control reproduction number. It is
observed that increasing screening rates for both latently infected and asymptomatic in-
fectious populations reduces the control reproduction number, thereby decreasing the rate
of infection transmission. Screening and treating latently infected individuals reduce re-
activation and subsequently lowers infection transmission in the population. Screening
asymptomatic infectious individuals is crucial because, lacking symptoms, this population
continues their daily activities without seeking medical intervention. This behavior leads
to frequent interactions with susceptible individuals, significantly contributing to the rate
of infection transmission in the population. Therefore, it is essential to screen and treat
asymptomatic infectious individuals, as they unknowingly and persistently spread infec-

tions.

4.3.7 Effects of varying treatment rates and vaccine efficacy on
control reproduction numbers

In the model flow chart depicted in Figure 3.1, 63 represents the rate of treating the symp-
tomatic population, while Figure 4.17 illustrates the predicted effects of varying treatment
rates on the control reproduction number for this population. It is observed that increasing

the treatment rate for the symptomatic population reduces the control reproduction number.
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This reduction occurs due to a decrease in the infectious population, which subsequently
lowers the rate of infection transmission. Furthermore, it is demonstrated that an increase
in vaccine efficacy also reduces the control reproduction number. This effect is attributed
to a decrease in the number of individuals who become infectious, as a more effective vac-
cine enhances immunity, thereby reducing the rate of infection transmission to susceptible
populations.

This study was extended to model the co-infection of pulmonary TB and pneumonia to
suggest appropriate intervention strategies that could halt the spread of infections glob-
ally. Several clinical studies and reports (Chavarria and Laura, 2018; Garcia, 2019; Oliwa
et al., 2019; Xiao-Ying et al., 2016) have shown that there is lethal synergism between pul-
monary TB and pneumonia due to their overlapping symptoms. The co-infection model is

presented in the next section.

Figure 4.2
Effects of varying levels of natural immunity on the symptomatic TB population
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Figure 4.3
Effects of varying levels of natural immunity on the asymptomatic TB population
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Figure 4.4

Effects of varying levels of natural immunity on the symptomatic TB population
undergoing treatment
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Figure 4.5

Effects of varying levels of natural immunity on the asymptomatic TB population
undergoing treatment
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Figure 4.6

Effects of varying the screening rate for latently infected individuals on the symptomatic
TB population
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Figure 4.7

Effects of varying the screening rate for latently infected individuals on the asymptomatic
TB population
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Figure 4.8

Effects of varying the screening rate for latently infected individuals on the symptomatic
TB population undergoing treatment
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Figure 4.9

Effects of varying the screening rate for latently infected individuals on the asymptomatic
infectious TB population undergoing treatment
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Figure 4.10

Effects of varying the screening rate for asymptomatic infectious individuals on the
symptomatic TB population.
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Figure 4.11

Effects of varying the screening rate for asymptomatic infectious individuals on the
symptomatic TB population undergoing treatment
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Figure 4.12
Effects of varying vaccine efficacy on the symptomatic TB population
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Figure 4.13
Effects of varying vaccine efficacy on the asymptomatic infectious TB population
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Figure 4.14

Effects of various intervention strategies on the control reproduction number
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Figure 4.15

Effects of varying the screening rate for latently infected individuals on the control
reproduction number
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Figure 4.16

Effects of varying the screening rate for asymptomatic infectious individuals on the
control reproduction number
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Figure 4.17

Effects of varying the treatment rate for symptomatic individuals on the control
reproduction number
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Figure 4.18

Effects of varying vaccine efficacy on the control reproduction number
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4.4 Pulmonary TB and Pneumonia Co-infection Model Analysis

In this section, a pulmonary TB-pneumonia co-infection model is analyzed, focusing on
several aspects: the positivity of model solutions, invariant region, disease-free and en-
demic equilibrium points, reproduction number of the model, bifurcation analysis, and
sensitivity analysis.

4.4.1 Positivity of the solutions

The dynamical system (3.8) illustrates changes in the human population. Therefore, it is
necessary to prove that, given non-negative initial conditions, its solutions remain positive

for all t > 0, as demonstrated by theorem 4.7.

Theorem 4.7. Given that the initial conditions S(0), V' (0), E(0), 1,(0), Is(0), I,p(0),
Isp(0), Tr(0), T,(0), Ts(0), T,p(0), Tsp(0) and R(0) are non -negative, the solutions
S(t), V(t), E(t), I,(t), Is(t), I.p(t), Isp(t), Te(t), T.(t), Ts(t), Tap(t), Tsp(t), and R(t)

remain positive for all t > 0.

Proof. The method of contradiction was used to demonstrate the positivity of solutions for
all 0 < t < oo, under the condition that the initial values of the state variables are positive,
as utilized by Kizito et al. (2024). Suppose, at a given time, there exists a possibility such

that:
(i) t, is such that S(¢;) = 0 and S(t;) < 0, whenever V (t) > 0, E(t) > 0, I(t) > 0,
Is(t) > 0, I,p(t) > 0, Isp(t) > 0, Tg(t) > 0, T,(t) > 0, Ts(t) > 0, Typ(),

Tsp(t) > 0and R(t) > 0for0 <t < t;.

Applying claim (i) to first equation of the system (3.8), yields:

Equation (4.63) contradicts claim (i), as when S(t;) = 0 it follows that S(t,) < 0. There-
fore, for all ¢ in the interval 0 < ¢ < t;, S(¢) > 0, and hence ¢; can be extended to oco.
Similarly, it can be shown that the solutions:

V(t), E(t), I,(t), Is(t), Lap(t), Isp(t), Tp(t), Tu(t), Ts(t), T.p(t), Tsp(t), and R(t) are non-

negative.
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Thus, the solutions set:

S(8),V (1), E(t), 1a(t), Is(t), Lap(t), Isp(t), Te(t), Ta(t), Ts(t), Tup(t), Tsp(t), R(t) } =
0, Vt>O0.

This proves that the solutions of the model system (3.8) remain positive for all ¢ > 0.
4.4.2 Invariant region

In this subsection, a region in which the solution of the system (3.8) remains bounded is
determined, as it deals with the human population. The total human population at any given

time ¢ in this model is defined by:

N=S+V+E+IL,+Is+1lp+Ilsp+Tp+To+Ts+T,p+Tsp+ R (4.64)

Differentiating equation (4.64) with respect to time gives:

dN _dS dV dE dl, dlg dl,p dlgp dIy dI, dTs dI,p  dIsp

wCa T a Tt T dt dt dt ' dt = dt dt dt

dR
+ (469)
Substituting the system (3.8) into equation (4.65) yields:

dN

pT N —uN —yls — volsp — v3sTsp — vaTs — Vslap (4.66)

In the absence of mortality due to pulmonary TB and co-infection between pulmonary TB

and pneumonia infections (i.e.,7; = 72 = 73 = 714 = 75 = 0), equation (4.66) becomes:

dN
— =A—uN 4.67
i p (4.67)

By separation of variables, equation (4.67) yields:

=dt (4.68)
Integrating equation (4.68) gives:

1
- In(A — uN) =t + k (4.69)

87



Where £ is a constant of integration. Simplifying equation (4.69) yields:
A — uN(t) = Ae ™ (4.70)

Where A is a constant. Applying initial condition at ¢ = 0, N(¢) = N(0), A is given as
follows:

A=A — uN(0) (4.71)

Substituting equation (4.71) into equation (4.70) gives:
A —ut
N(t)y=—4+ [ NO)——|e* (4.72)

As t — oo in equation (4.72), the population N (¢) — %, implying that
0 < N(t) < % Thus, the feasible solution of the system enters and remains in the

region:
o = {(S(t),V(t),E(t),Ia(t),lg(t),[ap(t),[gp(t),TE(t),Ta(t),Tg(t),Tap(t),Tgp(t),R(t)) eRB: N(t) < }} (4.73)

Therefore, the basic model is well-posed both epidemiologically and mathematically, and
hence it is sufficient to study its dynamics in €2;.

4.4.3 Disease free equilibrium point

The disease-free equilibrium point of the system (3.8) is obtained by setting the latent in-
fected class, all infectious classes, all classes undergoing treatment, and the recovered class
to zero, i.e.,

E=1,=Is=Il,p=Isp=Tp=T,=Ts=T,p =Tsp = R=0.

The following equations are then obtained:

(1—Q)A —uS" =0,
(4.74)

QAN — pVP =0
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Solving the system (4.74), yields:

G0 — (=QA 10 _ @A
1T W

The disease-free equilibrium is therefore given by:

1-Q)A QA

B} = (
! 7

,0,0,0,0,0,0,0,0,0,0,0) (4.75)

4.4.4 The control reproduction number
The Next-Generation Matrix method is used to obtain the control reproduction number, as
described by Driessche et al. (2020). According to the principle of the Next-Generation

Matrix, the equations for the infected classes are considered as follows:

= \S+(1—pMV — (ﬁﬁ—%%%—ﬁl—%u)ﬁ?,
%:i_()\2+¢1+u+192)1m

1+nFE

% = lile + ¢1ls — (Ao + U5+ 4+ 7)1s,

dilatp = Nolo — (1475 + 2 + V4) Lup,

dlSP = Xols+ ¢alop — (v + 95 + 1) Isp, (4.76)

dT“ =02l, + ¢3Tup — (0 + a2)Th,
dTS = U3ls + psTsp — (1 + V4 + a3)Ts,

dTaP = 194 aP — (ﬂ + ¢3> aP)

dTSP =5lsp — (L + ¢4+ 73)Tsp.
\

Let
X = (Eajcw[Sa[aPa[SP7Ta7TS7TaP7TSP)T (477)

It follows from system (4.76) that:

dx
— =/ (4.78)
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where f and v are matrices representing the new infections and transition terms, respec-
tively, given as:
AS + (1 p)\ V]
0
0
Aol,
f= Ao Ig

o o o o

(t2p+ 2+ +1)E

X2+ 1+ p+92) [, — 122

Ao+ 93+ pu+v)Is — ﬁle — o1l
(1 + 75 + b2+ Va)lap
U= (v2 + U5 + p)lsp — d2lap
(1 + a2)Te — 921y — ¢3Tap
(r+7a+a3)Ts —V3ls — ¢aTsp
(1 + ¢3)Tap — Valap

(e + ¢a+7v3)Tsp —Vslsp

The Jacobian matrices of f and v are computed with respect to the state variables of sys-
tem (4.77) at the disease-free equilibrium BY. These Jacobian matrices are denoted by F

and V, respectively, and are given as:
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0 g1 92 93 94 95 96 97 98
00 0 0 0 00 0 0
00 0 0 0 0 0 0 0
00 0 0 0 0 0 0 0
F=10 0 0 0 0 0 0 0 0 (4.79)
00 0 0 0 0 0 0 0
00 0 0 0 0 0 0 0
00 0 0 0 0 0 0 0
00 0 0 0 0 0 0 0

where:

g1 = Bing[S” + (L= p)V°], g2 = Bima[S” + (1 = p)V], g5 = Bams[S° + (1 = p)V"],
g1 = Bi[S° + (1 = p)V], g5 = Bimo[S° + (1 — p)V°], g6 = Buns[S° + (1 — p)V°],
g7 = Bim[S® + (1 — p)V?], and gs = Binz[S° + (1 — p)V°].

hh 0 0 0 0 0 0 0 0
—e hy O 0 0 0 0 0 0
— —¢y hy 0O 0 0 0 0 0
0 0 0 hy 0O 0 0 0 0
V=10 0 0 —¢ hy 0 0 O 0 (4.80)

where:
hy = (e1+ea+01+ 1), hg = (o1 + 02+ 1), hs = (V3 +71+ 1), hy = (P2 +v5 + U4+ 1),

hs = (y2+Us5+p), hr = (pt0a2), hs = (u+vs+as), hg = (u+¢3), and hig = (+ps+s3).

Using Mathematica software, the inverse of V' is given as:
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= 0 0 0 o 0 0 0 0
1
hffm h% 0 0 0 0 0 0 0
hoe14e2¢ ¢ 1
thlhﬂf?) 1 hz;@ e 0 0 0 0 0 0
0 0 0 h%; 0 0 0 0 0
-1 s
V 0 0 0 h4i5 h%:, 0 0 0 0
E2V2 2 9
h1hzh7 hfhﬁ 0 h42f29 0 hA? 0 h(fiQ 0
Us(hoeiteadn) U3¢ 93 V50204 I504 1 0 $a
hihah3hg hohghs  hghs  hahshghio  hshghio hg hghio
) 1
0 0 0 hjbg 0 0 0 r” 0
Is5¢2 9
| 0 0 0 h4lf5¢h10 h5f?10 0 h%o
The product of F and V! becomes:
R, Ry R3 Ry Rs Rg¢ R; Rs Ry
o o O o o o o o0 o0
o 0 0 o o o o o0 o0
o 0o O o o o o o0 o0
FV'=1]l0 0 0 0 0 0 0 0 0
o 0 0O o o o o o0 o0
o o O o o o o o0 o0
o 0 0 o o0 o o o0 o0
o 0 O o o o o o0 o0
where:
R, — Gi1e2 . gaerha +e201)  gseaVa  ge¥s(e1ha + €2¢1)
! h1h2 hihohs hyhohy hihshshs
Y Y
R, = + 9201 I gsU2 ge 3¢17
h2 hohs  hohy  hohshg
92 96V3
R —
5 h3 T hahs
9 Y U Y
R4— 5 942 49 403 L 96 50204 g7Us g8 5¢2’
hy — hshs ~ hshthg ~ hahshghig ~ hahg — hahshig
91 | 96VUs¢s | gsUs gs s
R Rg==>, R;,=>—
" hy h5h8h10 Thae T T T by
g503 96P4
R =~ R -
S ene F e T et e

92

(4.81)



The Eigen values of F'V ~! are given as:
M=X=N=M=A= = A= =0,\ = Ry.
From the eigen values, the dominant eigen value is A\g.Therefore, the control reproduction

number for the model is given by:

€ grhy + ¢ g9 W3(e1hy + ¢
912+g2(1 2 2¢1)+g522+96 3(1 2 2¢1)

R =R, = 4.82
¢ By hihohs hyhohy hyhohshs (4.82)
Simplifying further:
Re = g182h3hrhg 4 gahzhg(e1ho 4 €2¢1) 4 gseaahshg + geUshr(e1ho 4 €2¢1) (4.83)

hihahshhs
4.4.5 Local stability of the disease-free equilibrium
The following theorem establishes the local stability of the endemic equilibrium point for

the pulmonary TB and pneumonia co-infection model:

Theorem 4.8. The disease-free equilibrium point is locally asymptotically stable if Rc < 1

and unstable if Rc > 1.

Proof. To prove the local stability of the disease-free equilibrium, the Jacobian matrix of

system (3.8) is evaluated at the disease-free equilibrium BY, given as:

i - 0 0 —r —re —-r3 —HSY 0 —ry -5 —16 —17 K
0 —p 0 —rg —r9 -—T10 —T11 0 -—rg —-r3 —-ruy —Ti15 0
0 0 —-h g g g3 g4 0 gs 9o g7 gs 0
0 0 €a  —hg 0 0 0 0 0 0 0 0 0
0 0 €1 o1 —hs 0 0 0 0 0 0 0 0
0 0 0 0 0 —hy 0 0 0 0 0 0 0
JB)=|0 0 0 0 0O ¢ —hy O O 0O 0 0 0
0 0 a1 0 0 0 —hg 0 0 0 0 0
0 0 0 d 0 0 0 0 —hy 0 ¢35 0 0
0 0 0 0 I3 0 0 0 —hg 0 oy 0
0 0 0 0 0 V4 0 0 0 0 —hg 0 0
0 0 0 0 0 0 I5 0 0 0 0 —hig 0
0 0 0 0 0 0 0 a s Qs 0 0 —h11
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where:

r1 = S, o = PinaS°, rs = s S, ra = BimoS°, s = PineSY, r6 = BimeS°,
r7 = S, rs = Bi(1 = p)ngV°, ro = Bi(1 = p)naV°, r10 = Bi(1 = p)nsV°,

ri = (1 = p)V°, 12 = Bi(1 — p)mioV?, ris = Bi(1 — p)nsV0, ra = Bi(1 — p)neV°,
r15 = Bi(1 — p)n:V°, he = + ay, and hyy = p + k.

The eigenvalues of equation (4.84) are obtained as follows:

Either,
(w+ N+ X)(ha + X)(hs + X)(ho + A)(h1o + A)(h11 +A) =0 (4.85)
Or
—h; — A g1 92 0 g5 g6
9 —hQ - A 0 0 0 0
£ —hs — \ 0 0 0
' P ’ — 0 (4.86)
% 0 0 —hg — A 0 0
0 s 0 0 —hr — A\ 0
0 0 U3 0 0 —hg — A

Then, by the Routh-Hurwitz criterion, equation (4.85) has strictly negative roots, given as
follows:
At =X = —p, A3 = —hy, Ay = —h5, A5 = —hg, \¢ = —h10, A\ = —ha1.

The characteristic polynomial of equation (4.86) is given by:

NiA® 4+ NoA? + Nt + NyA? 4+ NsA? + NgA + N7 =0 (4.87)

where Ny, Ny, N3, N4, N5, Ng, and N; are determined as follows:

Ni=1>0,

Ny = hy + hg + hg + hg + hr + hs,

N3 = hg(hy + ho + hg + hg + hy) + h7(hy + he + hg) + he(h1 + ho + h3) +
hs(h1 + ha) + hihe — giga — goc,

Ny = hs[h7(h1 + ho + hs + hg) + he(hy + ho + hg) + ha(hy + h) 4+ hihs —
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(g182 + g281)] + hr[he(hy + ho + hs) + ha(hy + ha) 4+ hihy — (G162 + goe1)] +
he[hs(hi + ha) + hiha — (9182 + g261)] + ha(hiha — gi€2) — hagaer — d1gae2 —

V2gsea — U3gee1,

N5 = hg|hgh7(hy + ha + hs) + hahg(hy + ho) + hahzhy + hshe(hy + hs) +

hiha(hs + he) — giga(hs + he + hy)  — gaiea — gog1(ha + he + hr) — gs¥aea] +
hr[haha(hs + he) + hshe(hi + ha) — giga(hs + he) — garea — gae1(ha + he) — ge¥ser] +
he [h3h2h1 — g162h3 — go1E9 — gocrhy — g50ae0 — 9619351] — g5¥2e0hy — geV¥se1hy —
geUs3P1€2,

No = hy[hiha(hshe + hshy + hehz) + hshehr(hy + ho) — giea(hshe + hshr + hhz) —
gad€2(he + hr) — gog1(hahe + hohy + hehz) — gs¥aea(hs + he)] +

h7 [h1h2h3h6 — g1€2h3he — gac1hehy — gagre2hs — ge¥se1(ha + he) — 96¢119352} +

he| — gs¥2e2hs — geUs(haey + €2¢1)],

N7 = hihshshrhs — [gieahshrhs + gahzhs(erhs + €2¢1) + gsea¥ahshs + ge¥shz(e1ho +
a1)].

By the Routh-Hurwitz criterion:

Ny >0,Ny >0,N3>0,Ny>0,N; >0,Ng >0and N; >0

From N; > 0, it follows that:

hihahshzhs — | gieahshrhg+gahrhg(e1ho4-c21) + gsea¥ahshs +geUshz(e1ho +e2¢1) | >
0.

= g1€2h3hrhs + gahrhs(e1he +e201) + gseaV2hshs + geUshr(e1he +e2¢1) < hihohshrhs

N g1e2hshrhg + gahrhg(e1ha + €2¢1) + gseavahahg + geUshr(erha + £201)

hyhghshzhg <1 (4.88)
Comparing Equation (4.83) and inequality (4.88) gives:
Re <1 (4.89)

Thus, the disease-free equilibrium for this model is locally asymptotically stable if R < 1.
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4.4.6 Global stability of disease-free equilibrium
The Castillo-Chavez method was used to investigate the global stability of the disease-free
equilibrium, as illustrated by Castillo-Chavez and Song (2004). The model system (3.8) is

first written as:
dX B

X _p(x,2),

dt (4.90)
iz

Y _a(x.7).

Y _ox.z)

where:

X = (S,V, R)T represents the uninfected population.

Z = (K, 1,,Is,I,p,Isp,Tg, Ty, Ts, Typ, Tsp)" represents the infected population.

The fixed point of system (3.8) is denoted by:

U= (X*0) = (*-2,90,0,0,0,0,0,0,0,0,0,0)

Theorem 4.9 establishes the global stability of the endemic equilibrium point for the pul-

monary TB and pneumonia co-infection model.

Theorem 4.9. The equilibrium point U = (X*,0) is globally asymptotically stable if Rc <
1 and satisfies conditions (K1) and (K5), otherwise, it is unstable.
(K1) : ££ = F(X,0), X* is globally asymptotically stable

(Ky): (G, 2)=AZ -G(X,Z), G(X,Z2)>0 for (X,Z)eR.

Here, A = D;G(X, Z) is a Metzler matrix.

Proof. From system (3.8), F'(X, Z) and G(X, Z) are given as:

(1—Q)A+ KR — (M +p1)S
F(X,Z) = QA — [(1— p)Ai + ]V , (4.91)

T+ T, + asTs — (k+ p)R
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€1 €9 EQE
S 1—p)\V — ) E
18+ ( )M 1+nE+1+ng+ Lt 1+nFE
€2
—(A ) 1, 1,
(A2 + @1+ 024 ) 1+nE+<P1
—(A2+ U3+ 71+ p)Isiad,
G(X,2)= (1t + 75 + @2 + 9a) . PAoIs + 02l P - (492)

—(v2 + VU5 + p)Is PO E — (1 + o) Tpal, + 3T P

—(p+ a2)To¥3ls + paTsP — 4+ 4 + azTs¥slo P — 1+ 3T P

UslsP — pu+ o4 +y3Ts P

Condition (/) examines the global asymptotic stability of X* as follows:
From the first, second, and twelfth equations of system (3.8), when there is no infection

(e, \ =0,Tg =T, =Ts = R = 0), they yield:

(1 —Q)A—pusS
=1 QA—uV (4.93)
0

dX
dt 1z=0

The first equation of system (4.93) is given by:

as
i (1-Q)A—uS (4.94)
Solving equation (4.94) yields:
(1-Q)A (1—-QAY
S(t) = ——— S(0) — —— e "
(1) = S0 4 (5(0) - SR e

As t — oo, the solution S(t) — %

Similarly, solving the second equation of system (4.93) and taking the limit as ¢ approaches
infinity gives V' (t) — %

S(t) — @ and V (t) — % imply the global convergence of Equation (4.30) in ;.
Hence,

u u
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is globally asymptotically stable, satisfying condition (K;). Global stability under Condi-
tion (K) is examined as follows:

The matrix A is given as:

—tl H1 H2 H3 H4 0 H5 H6 H7 Hg

Hy -t 0 0 0 0 0 0 0 0
Hyoy ¢ —t3 0 0 0 0 0 0 0
0 X O —t, O 0 0 0 0 0
0 0 ) —t= 0 0 0 0 0
. 2 P2 5 (4.95)
9 0 0 0 0 —t 0 0 0 0

here:

&1 E9
_ 9
T4nE " 1qng "0 M

Hy = Bing[S+ (1= p)V], Hy=pim[S+ (1 —-p)V], Hz=pns[S+(1—-p)V]

t

Hy= B[S+ (1 —=p)V], Hs=pimo[S+ (1—-p)V], He=pins[S+(1-pV],
9 o €1

H; = Bing[S+ (1 —p)V], Hg=pm[S+(1—-p)V], Hy= L+ nE’

to=Xo+d1+02+p, tz=X+Vs+7+p ta=p+v+ o2+ U,
=Y +U0s+pn te=pt+to, tr=p+oy, tg=p+"y+as,

to=p+ @3, tio=p+ Qs+ 3.
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Computing AZ gives:

—0E + Hil, + Hyls + Hylop + Hilsp + Hs T, + HeTs + HiTop + HsTsp

HoE —to1,

HioE + ¢11, — t3ls

Mol —tyl,p

o Aols + ¢alop —tslsp (4.96)
hE —tsTr

Voly — t7T, + ¢3Tap
Usls — t8Ts + ¢aTsp

794IaP - tQTaP

Us5lsp — t10Tsp

Then,

A

G(X,7)=AZ - G(X,2),

which, upon computation, gives:

[ G1(X, 2) | Bi(nela +mals +m5lap + Isp +moTa + nsTs + noTaP + 17Tsp)[(S° — 8) + (VO = V)(1 — p)]
G2 (X, Z) 0
G3(X, Z)
Ga(X, 2)

G(X,7) = (}Ys(X»Z) _
Gs(X,2)
G7(X,Z)
Gs(X, 2)
Go(X, 2)

|G10(X, 2)]

o O o o o o o o

4.97)

Since both the susceptible and vaccinated populations are bounded by S < S%and V' < V°,
and 0 < p < 1, we have GI(X, Z) > 0 and @i(X, Z) =0fori = 2,3,...,9. Thus,
G(X, Z) > 0, and Condition (k) is satisfied. Since both Conditions (K7) and (K) hold,
the equilibrium point U = (X*,0) is globally asymptotically stable whenever R. < 1.
4.4.7 The endemic equilibrium

The steady state, in which pulmonary TB persists in the presence of opportunistic pneumo-

nia within the community, is referred to as the endemic equilibrium of the system (3.8). At
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this equilibrium, the rate of change of the population in each class is zero. In the endemic
equilibrium, the natural immunity parameter n is assumed to approach zero. Hence, the

model system (3.8) can be represented as:

(

0=(1—-QA+kKR" — (A +p)S™,
0=0QA—[(1—p)A +pV7,
0=MS*"+(1—pMV*— (s +¢e1 +91 +p)E*,
0=eF* — Mo+ ¢ + pu+ o),

0=e1B*+ I} — (Mo + U3+ pu+71)I5,
0=2Xly — (1 +75+ g2+ Va) 5p,

0= XT3 + $alip — (2 + U5 + 1) Igp, (4.98)
0= — (4 a)T%,

0 =1l + ¢315p — (1 + a2) Ty,

0=1305 4+ ¢aTp — (1 + 71 + a3)T5,

0="44lgp — (1 + ¢3)T5p,

0="1950p — (1 + ds +73)Tsp,

K0 =oqTh + a4+ asTs — (n+ k) R".
The steady-state solution for system (4.98) is given by:

Bik = (S*7V*7E* Iy [E’];P>[§P>T57T;7T§>T;PaTS*PaR*)a

Y Ta?

where:
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g - (1= QA+ rR"
* QA

g M [(1 = p)AT* + ) (1 = QA + kR*) + (A7* + p)(1 — p)QA]
(AT* + w)(er +e2 + 91 + p)((1— p)AT* + 1)
X1 [(1—p)AT* + ) (1 — QA+ &R*) + (A7* + p)(1 — p)QA]

)

Lo O ot 900 TR T et 0+ (AP T R)
Lo ML= A 4 (L= QA+ KRY) + (A + ) (1= p)QA] [(A3™ + 0 + é1 + per + re2]
s M 9+ u+7) 05 +é1 +p+02) A +p)(er + e+ 01 +p)(1—p AT +p)
I = A5Tea AT (L= pAT + ) (1= QA+ KR™) + (™ + w)(1— p)QA]
“ (475 + d2 + 0a) (A5 + b1 + p+ 92)(AT* + p)(er +e2 + 91 + p) (1 — p)AT* + )’
= Dads* [(n+ 75 + ¢2 + 94) (A5 + 92 4+ ¢1 + p)er + drea) + (A3* + I3 + p+ 71)p2ez]
S (e 05+ WO Os ot ) (s + 02 H 9O+ d1 e 02)OF ) e+ 01+ ) ((1— AT+ 40)]
T3 = PIAT [(1= AT + ) (1 = QA+ KR*) + (N + 1)(1 — p)QA] 7
(14 a1)(A7* 4+ p)(er + e2 + 91 + )
e = M (L= A" + (A~ QA+ /R") + AT + ) (L= p)QA] [a(k + ¢3) (1 + 75 + 62 +0a) + A5*¢3da]
. (a2 + ) (it 63) (1 + 75 + b2 + 9a)(A5™ + b1 + p+ 02) (A" + p)(er + e2 + 91 + ) (1 — PIA™ + p)
T = Dy + s + ¢p2 +9a) [(A3* + P2 + ¢1 + p)er + drea] [93(n+ ¢a +v3)(v2 + I5 + p) + da(A5* + 93 + p + 71)pacads] ’

(B +72+3)(+ ¢a +73)(v2 + 95 + p)(AS* + 93+ p+v1) (1 + 5 + d2 + Fa)(A5* + ¢1 + p+ F2)Ds
T, = 9arz* e X1 [(1— p)AT* 4+ ) (1 — QA + sR*) + (A" + p)(1 — p)QA] 7

“ (w+ d3) (k475 + P2+ Fa)(AT" + d1 + p+ D2)(AT* + p)(er + e2 + 91 4+ ) (1 — p)AT™ + )

« _ UsDaAZ" [(w+ 75 + @2 +92)(A3* + 92 + ¢1 + per + drea) + (A5* + I3 + p+ 71)p2e2]

SP T (ut da+73)(v2 + 95 + ) (A" + 03+ +71) (1w + 75 + b2 + 9a)(A5* + ¢1 + p+ 92)Ds”

R AT [((1 = p)AT* + w)S™ + (Af* + w)(1 = p)QA] (D6 + D7 + Ds)

Do(p+ ¢3) (1 + 5 + d2 + 9a) (1 + da +73) (v2 + 95 + p)(A5* + 93 + p+71) (A5 + ¢1 + pu+ 92)As Ag A7 As

here,

Dy= A7 [(1 = AT + 1)((1 = QA + £R) + (AT + p)(1 — p)QA],

Ds = (A" + p)(e1 + &2+ 01 + ) (1 = p)AT" + p),

Dg = thou(p+¢3) (1 +75 + do+00) (et da+73) (V2 + 05+ 1) (NS + 05+ p+71) (A3 +
b1+ p+ U2)AsAs,

D7 = e3a5(p+ da+73) (v2+ U5+ 1) (A" + U5+ i+ 1) [D2(p+ d3) (1 + 5 + 2+ Ua) +
N5 d304] Ay As,

Ds = (11 + ¢3) [(1 475 + d2 + 04) (A" + V2 + ¢1 + p)er + ¢re2)] [I3(p+ da +73) (12 +
U + ) + Ga( A" + U3 4 p + 1) g5 | A1 A,

Dy = (e1+e2+ 01+ p)((1 = p)AT" + p),

As = (g + ), Ag = (ag + ), A7 = (u+ 71 + a3), As = (k + p).
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4.4.8 Local stability of the endemic equilibrium
The local stability of the endemic equilibrium in the mathematical model of pulmonary TB

and pneumonia co-infection is determined using Theorem 4.10.

Theorem 4.10. A positive endemic equilibrium exists and is locally asymptotically stable

whenever R, > 1.

Proof. The disease is endemic if:

dE dly dls dlap dlsp ATy Ty
x>0, x>0, =>0, B >0, oE >0, £ >0, S2>0,

dTs dT, p dTsp
=2 >0, =2£>0, =5£>0.

Considering ‘é—‘f > 0, it follows that:

dE
- =MS+(1—pMV —(e1+e2+1 +p)E >0 (4.99)

Inequality (4.99) simplifies to:

)\15 + (1 — p))\1V

E <
e1+e+V+p

(4.100)

The endemicity of the coexistence of the two diseases is primarily driven by the spread
of pulmonary tuberculosis, with pneumonia acting as an opportunistic disease. Hence, the

force of infection for pulmonary TB is:

M = Bi(nals + nela + 1sTs + moT.) (4.101)

Substituting equation (4.101) into inequality (4.100), yields:

Br(nals + nela + nsTs + moTu)[S + (1 — p)V]

E <
81+€2+191+/L

(4.102)

From the steady-state system (4.98), the equilibrium values of the infectious and treated

compartments for the spread of pulmonary TB are given by:
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(I* B EQE*
“ ¢1+M+1927
I a1 E" + 911,

S s tptm

(4.103)
Vol*
Ty =22
Mt Qo
V31
TE= —25
\ [ e 7 O ]
Substituting system (4.103) into inequality (4.102) yields:
na(e1E* + ¢117) nNee2 L* ngVal} MoVl
LS+ (1-pV
61[ U3+ p+m pr+p+vy ptytos  pta (S+{1=pV)
B < (4.104)
eater+ +p
Simplifying and factoring £* leads to:
[9152h3h7h8 + g2hrhs(e1hy + €2¢1) + gsea¥2hshs + geVshz (hae1 + €2¢>1)} E*
E* < (4.105)
hihahshzhs
Simplifying inequality (4.105) further yields:
1< g1e2hshrhs + gohrhs(e1hy + €2¢1) + gseaahshs + geUshr (haet + £2¢1) (4.106)
hihohshrhs
However,
G1e2hshrhs + gahzhs (€1h2 + €2<Z51) + gs€2U2h3hg + geUshy (h2€1 + 52¢1) _n
hihshshzhsg -
Therefore, inequality (4.106) is rewritten as:
Rc>1 (4.107)

Thus, there is an endemic equilibrium for co -infection model when R > 1.
4.4.9 Global stability of the endemic equilibrium
The endemicity of the pulmonary tuberculosis and pneumonia co-infection model is estab-

lished by considering the following theorem:

Theorem 4.11. If Rc > 1, the endemic equilibrium of the system (3.8) is globally asymp-

totically stable.
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Proof. The method of Lyapunov functions is used to prove the global asymptotic stability

of the endemic equilibrium. A Lyapunov function is proposed and defined as follows:

L=(S-8"+Sm%)+(V -V +V'mh¥)+(E-E"+E' k)

*
IaP

* £ I; £ * I £ *
+ Lo — I+ L)+ (Is — I+ I5In32) + (Lap — Igp + I;p In 722)

* * I3 * * I3
+ (Isp — Iip + Iip I 522) + (Isp — Iip + IipIn 2) (4.108)
+ (Tp = Th + T 72) + (Lo = T7 + T3 n ) + (Ts = T3 + T5In 75)

*
Typ

+ (Tup = Tip + Tipn 722) + (Tsp — Tép + Tép In 722)

+(R-R*+R'Ini)

Taking the derivative of equation (4.108) with respect to ¢ gives:

dL _ (S-S7)dS  (V-V)dV (E-E)dE (I~ 1) dl,
dt S dt Vv dt E dt 1, dt

(Is —Ig) dIs n (Lap —15p) dlap n (Isp —Ip) dlsp
Is  dt Lp dt Isp dt

n (Tg —Tg) dTk n (To, — Ty;) dT, n (Ts —Tg) dTs
Ty dt T,  dt Ts  dt

T,p —T*) dT. Tsp — Tép) dT, i
. Tup ~Tip) dTup | (Tsp —T5p) dTsp | (R~ R") dR (4.109)

T.p dt Tsp dt R dt

Substituting system (3.8) into equation (4.109) yields:

dL
oK - Y 4.110
o 11— Y (4.110)

dL dL ) .
If K; <Y1, then L <0, and I = 0 if and only if
S=8% V=V E=FE I,=1I; Is=1% I,p=1;p, Isp=Ip,
Tg=Ts, To=T¢ Ts=Ts; Top=Tp Tsp=Tip, R=R"

This implies that the largest compact invariant set in:

{(S*v‘/*vE* I, I.;a ;P’I;'PngvT:’Tgv :P’Tgp’R*) € Ql : % = O}

stas

is the singleton endemic equilibrium point B7. Thus, from LaSalle’s invariance principle
(La Salle, 1976), it is concluded that as ¢ — oo, the solution of the model system (3.8)
approaches the endemic equilibrium B when the control reproduction number R, > 1.

Therefore, the endemic equilibrium point Bj is globally asymptotically stable in the in-
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variant set {2 if K1 < Y;. K and Y are given as follows:

KR'ST S B (1—p)MV*E*
S E

E
2 +61E+€1S +¢11a+¢1Sa
I, Is Is

YV N POV AT TS
2tapta T+ Mo, + 24sp’s + dolup + P2 SPtaP
Iop Isp Isp

’lnggE* Yo I*T 3T T o

DB L 9,0, + Pata T,p+ $3La"aP
Ts + Vol + T, + ¢3Tap + T,

PaT5 T p D4 Toplip

T, aP

IsTéplsp o TR T R*
e Tp + —=— T, + —2—
Tsr +alE + R +agdg + R

ozTGR*  AQV™

A1S.
R+V—|—1

Ki=A+kR+ + (1 -pMV+

+ e+
+ Aol +

+HE+

D3 I5Ts

+Y3ls + + ¢sTup + +94lap +

+VUslsp +

+ asTs +

AS*  AQS*  kRS* ASE*
— 1—p)\V*
Vie— =gtttV +

(1-p)ME”
E*

*

e BT e1 BT
teaB St b B = ]+
a S

Nol* o Aol T
2P0 4 NI+ CESPIS Lo, +
aP Isp

N ETS Vo1, T
+ 9 E*+ 71TE E 4y 9,IF + 721:1 “ 4+ ¢3T,p +

G111
Is
P2l5plap
Isp
$3T7Top
T,
OélTER*
R
asTsR* (S —5%)2
S
R + A0 + g
(E-E*)?
E

+ Aol +

PaT5Tup

TS + OélTE +

93IsTe
+ 9315 + = + T +
S

T.R*
& (A1 + 1)

+ T +

+ azTs +

_Y/*)2
s o+

(Lo — 13)?
Lo

Lp — Itp)? Isp — Itp)?
M(¢2+’Ys+ﬂ4+u)+(splisp)
sP

(€2 +e1+ Y1+ p)
(Is — I3)?

7 (U3 + 71+ A2+ p)
s

(2 + 1+ A2+ 1) +

7 (y2 + U5 + 1)
aP

n (Te — Th)?
Tg

(TaP — T;P)2
TaP

(Ta — T2)?
T,

(Tsp — Tép)*
Tsp

(Ts —T3)?

T (ya + a3 + p)

(o +p) + (g +p) +

(R R*)?

7 (Rta).

(1 + ¢3) + (1 + da+73) +
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4.4.10 Bifurcation analysis

The nature of the model’s bifurcation is investigated using the center manifold theory as
outlined by Castillo-Chavez and Song (2004). The analysis of the model’s bifurcation con-
siders two quantities: the coefficients a and b of the normal form representing the dynamics
of the system on the center manifold. If @ < 0 and b > 0, the bifurcation is forward. Con-
versely, if @ > 0 and b > 0, the bifurcation is backward. The coefficients a and b are

defined by the Castillo-Chavez theorem as follows:

(4.111)

Here, u is a right eigenvector of the Jacobian J(Bj) for the system (3.8) at the disease-
free equilibrium associated with the zero eigenvalue, while v is a left eigenvector of the
Jacobian J(B;) associated with the zero eigenvalue. The derivation of z; and fj, follows.

To determine the bifurcation of the model system (3.8), the following changes of variables

are made:

S=z,V =29, E=23, [, =2, Is =z, l.p =2, Isp = 27,

Tg = z3, To = 29, Ts = 210, Tup = 211, Tsp = 212, R = z13.
Using vector notation, let

T
Z = (217 224y 23, R4y R5y 26y BTy 28y 29, 2105 2115 R12; 213) .
The model system (3.8) can then be written in the form:

dz
=Rt
dt ( )7

with
T

F = (f1, f2. f3, fas f5: fos 1o fss fos fro, fi1s fr2, fis)
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given by:

Here,

and

dz
d_tl =fi=1—-Q)A+ rz3— (A1 + p)z1,
dz
d_t2 = fo=QA — [(1 — )M +M]Z2,
dz
d_t3 — f3 = )\121 + (1 — p))\lzg — <1f:LzS + 1+872ng + 191 +N>237
%_f _ 2 — a4 1+ 4 95)z
a7 T Tng T O TATRE
dz £1%
dz
5 o v (e 0
dz
d_; = fr = dozs + 226 — (Y2 + U5 + p) 27,
dz
d—tg = fg =123 — (,U + al)z87
dz
d_tg = fo = Vo4 + 3211 — (1 + )29,
dz
d_;() = fi0 = U325 + Pyz12 — (N +va+ 043)210,
dz
d_ll = fll = 19426 — (,M + ¢3)2117
t
dz
d—f = f12 = 19527 — (,U + ¢4 + 73)21%
d
% = fi13 = 28 + 229 + azz10 — (1 + K) 213
\

AL =5y (2’7 + 425 + 1526 + Neza + Nr212 + Ng210 + N9211 + 771029),

A2 = o (27 + €126 + €2212 + 63211)-
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This method involves evaluating the Jacobian for the system (4.112) at the disease-free

equilibrium, given by:

i uo 0 0 —ry
0O —u O —rg
0 0 —-h1 @
0 0 €a  —hg
0 0 e ¢
0 0 0 0
JBH=] 0 0o 0 o0
0 0 %
0 0 0 Ua
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

—ry  —T3
—T9 —T10
92 g3
0 0

—hs 0
0 —hy
0 ¢
0 0
0 0

J3 0
0 Jy4
0 0
0 0

—p15°
—T11

94

—Ty

—T12

—rs  —Trg —T7 K
-r3 —ria —ri5 0
ge gt 98 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 ¢35 0 0
“hs 0 ¢4 O
0 —hg 0 0

0 0 —hio 0

Q3 0 0 *hll
(4.113)"

To implement the method, R} = 1 was considered, and 8; = /3 was chosen as the bi-

. . . . d
furcation parameter. By using Mathematica software, the Jacobian of d_: = F(z) at the

disease-free equilibrium point with 8; = (7 has one of the eigenvalues as a simple zero.

Hence, the Center Manifold theory is applied to analyze the dynamics of the system near

pr = By

The Jacobian J(B7) of the model near 5, = ] has a right eigenvector associated with the

zero eigenvalue, given by:

T
U = (ula U2, U3, Ug, U5, Ug, U7, U, U9, U10, U11, U12, U13)

which satisfies the system:
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—u 0 0 —-ry  —rg  —r3 —51 0 —Tr4 -5 —r6 —r7 K uq
0 —n O —-rg —Tr9 —Ti0 —Ti1 0 —rm2 —-m3 -ria —Ti5 0 u2
0 0 -h1 ¢ 92 93 94 0 95 g6 g7 98 0 u3
0 0 €2 —ha 0 0 0 0 0 0 0 0 0 Ug
0 0 €1 b1 —hs 0 0 0 0 0 0 0 0 us
0 0 0 0 0 —hy 0 0 0 0 0 0 0 UG
JBH)=] 0 0 0 0 0 ¢2 —hs O 0 0 0 0 0 ur | =
0 0 % 0 0 0 0 —he 0 0 0 0 0 ug
0 0 0 J2 0 0 0 0 —h7 0 b3 0 0 ug
0 0 0 0 U3 0 0 0 0 —hsg 0 Ga 0 u10
0 0 0 0 0 g 0 0 0 0 —hg 0 0 Uil
0 0 0 0 0 0 U5 0 0 0 0 —hi1o 0 u12
L 0 0 0 0 0 0 0 aq a2 as 0 0 —h11 | [wi3]
(4.114)

Equation (4.114) can be expressed as:

— Uy — T1Ug — TolUs — T3Us — P17 — T4y — TsU1g — Tel1l — Tz + Kz = 0,
—[Ug — TRU4 — ToUs — T1oUe — T'11U7 — T'12Uy — T'13U10 — T14U11 — T15U12 = 0,
—hiug + gi1ug + gous + gaue + galir + gsuy + geuo + grurr + geuiz = 0,
Ea2U3 — h2U4 = O,

e1u3 + ¢rug — haus = 0,

—h4u6 = 0,

Poug — hsur = 0,

791U3 — hﬁUg = 0,

Yoty — hrug + ¢3ui; = 0,

V3us — hguig + Gauiz = 0,

Vyug — hguiy =0,

sty — hiouia = 0,

aug + Qg + a3U1g — h11u13 =0.

\

(4.115)
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Solving the system of equations (4.115) gives:

—(7’1U4 + rous + r4Ug + 7’5U10) + KU13

Uy = < 0,
M
—(T8U4 + ToUs + T12U9 + 7“13U1())
u2 = < 07
W
€2Us3 E1U3 + P1uUy
uz = uz > 0, U4:h— 0, U,5:h—¢>0, ug = 0,
2 3
191?,63 0 192’&4 193U5 0 0
Uug = Ug = Uro = Uyl = Uiz =
h6 Y h7 ) h8 Y ) )
Q11U + g + iz
U13 = > 0.
h11

U,7:O,

Furthermore, the Jacobian [J(BY)] of the model near 3; = (3; has a left eigenvector asso-

ciated with the zero-eigenvalue given by:

_ T
v = (/Ula Vg, U3, V4, Us, Vg, U7, Us, Vg, V10, V11, V12, U13)

which satisfies the system:

—-u 0 0 -rr  —-ro -r3 =0 0 —Ty4 -5 —T6 —-r7
0 —u O —-rg —Tr9 —Ti0 —Ti1 0 —r12 —Ti3  —Ti4 —Ti5
0 0 -h1 o 92 g3 94 0 95 g6 g7 g8
0 0 €2 —ha 0 0 0 0 0 0 0 0
0 0 €1 ¢1 —hs3 0 0 0 0 0 0 0
0 0 0 0 0 —hay 0 0 0 0 0 0
JBHY=] 0 0 0 0 0 ¢2 —hs O 0 0 0 0
0 0 21 0 0 0 0 —hg 0 0 0 0
0 0 0 P 0 0 0 0 —h7 0 *3 0
0 0 0 0 Y3 0 0 0 0 —hg 0 ba
0 0 0 0 0 Y4 0 0 0 0 —ho 0
0 0 0 0 0 0 s 0 0 0 0 —hi1o
| O 0 0 0 0 0 0 a1 g as 0 0

110

|
S"ooooooooooox
=

V13

v1

v2

U3

V4

U5

ve

v7

U8

V9

v10

V11

V12

(4.116)
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Equation (4.116) can be expressed as:

(
—pvy = 0,

—pvg = 0,

—hqvs + 9v4 + €105 + g = 0,

—7r1U1 — TV + G103 — hovy + G105 + Va9 = 0,

—T9U1 — T9U2 + gaU3 — havs + Yzv10 = 0,

—7T301 — T10V2 + 9303 — havg + Pov7 + Vg1 = 0,

—B1v1 — 11102 + gavs — hsvr + J5v12 = 0, (4.117)
—hgvg + ayv13 = 0,

—T4v1 — T'12V2 + g5v3 — hrvg + aguiz = 0,

—T501 — r'13V2 + gevs — hgvio + azviz = 0,

—TeU1 — T'14V2 + grU3 + @309 — hgvyy = 0,

—7T701 — T15V2 + ggUs + Pav19 — higvi2 = 0,

KU1 — hnvlg = 0.
\

Solving the system of equations (4.117) yields:

_ _ _ _ g1v3+d1vs+davg __ gav3z+¥3vi0
Ul—O,U2—0,03—1}3>0,U4—gh—4>0,U5—T>0,

- 9 ) - .
Ve = _93v5+¢2}:;7+ >0, 07 = 941)54};55”12 >0,v8 =0, v = 95%2?2“3 >0,

__ gevztaszviz __ grvz+P3vg __ ggvu3+¢avio _
’Ul[)—g— >0, vy _gh—g > 0, vy = L0 > (), 3 = 0.

hs hio
2 .
To compute a, 62, g’; - was determined as follows:
1 0Z;
0%fs _ _9%fzs __ %fs _ _9*fz __ fs  _ _0%fzs __
021 0z4  Oza0z1 ﬁlnG’ 0z10z5 ~ Oz50z1 51774’ Oz10z¢  OzgO0z1 ﬂ1775,
0%fs _ _9%fs _ 0fs __ _9%fz _ 0%fs __ _8%f3
0z10z7  Oz70z1 /817 0z10z9  Oz90z1 517710’ 0z10z19  O0z100z1 ﬁlnS;
0%fs  __ _0%fs 0%fs  _ _0%fs

0z1 0211 0211071 = 61779’ 0z1 0z12 0212071 = ﬁln?'

Therefore, using equation (4.111), a is given as follows:

a = 2vsuy 1 (usne + usns + uens + wr + ugnio + UroNs + U117y + U1an7) < 0.
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To compute b, ;j—% was determined as follows:
9’ f3

B 95 — 47 T %5 + 526 + Neza + Nrz12 + 1sZ10 + MoZ11 + 1029,

2
632 5‘}1 = (1= p)(2r + nazs + M526 + M6z + Nr212 + N8210 + Mo211 + Mi020),

92 92
az4£%1 =n6(21 + (1 — p)22), 5 g%l = (21 + (1 = p)22),

52 52
3Z9£%1 = no(z1 + (1 — p)22), am’f;ﬁl =ns(z1+ (1 — p)z2).

Therefore, using equation (4.111), b is given as follows:

b= UB{Ul (27 4 nazs + 0526 + Ne2a + 17212 + M8Z10 + M9Z11 + N10%0)
+ ug(1 — p) (27 + nazs + M526 + 624 + N7212 + M8Z10 + Noz11 + 110%9)
+ uang (21 + (1 — p)z2) +usna(z1 + (1 — p)z2) + ugnio(z1 + (1 — p)z2)

+ urons (21 + (1 — p)ZQ)} >0

Since a < 0 and b > 0, the model system (3.8) does not exhibit a backward bifurcation at
R¢. = 1. Consequently, the co-infection of pulmonary TB and pneumonia can be eradicated
whenever an index case of an infectious individual infects, on average, fewer than one
person during the infectious period.

4.4.11 Parameter estimation

The pulmonary tuberculosis—pneumonia co-infection model was fitted to the NTLLDP
Kenyan data on pulmonary TB and pneumonia co-infection, as shown in Figure 4.19. The
parameters [a, 04, 15, 765 117> 118> 195 710> €1 €2, €3, V4, Us, G2, @3, Pa, V2, V3, V5, and n, listed
in Table 4.3, were estimated from model fitting.

4.4.12 Sensitivity analysis of the control reproduction number

In this section, the sensitivity indices of the control reproduction number due to the co-
infection of pulmonary TB and pneumonia are computed to determine the relative im-
portance of various parameters responsible for disease transmission and prevalence in the
population. The normalized forward sensitivity approach, as employed by Khajanchi et al.
(2018), 1s used.

The parameter values in Table 4.3 are utilized to calculate the sensitivity indices of the re-
production number for the parameters 51, ), p, U1, U2, U3, €1, €2, ¢1, 1, (2, and g, using

equation (4.62) implemented in Mathematica software.
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Figure 4.19
Prevalence of TB and pneumonia co-infection model: Model fit to NTLLDP data
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Source: Researcher (2024)

The calculated sensitivity indices of the reproduction numbers are presented in Table 4.4.
A positive sensitivity index indicates that the reproduction number increases as the corre-
sponding parameter increases, while a negative sensitivity index indicates that the repro-
duction number decreases as the corresponding parameter increases. Therefore, increasing
a parameter with a positive sensitivity index, while keeping other parameters constant,
raises the reproduction number. Conversely, increasing a parameter with a negative sensi-
tivity index, while holding other factors constant, reduces the reproduction number.

From Table 4.4, it is observed that 3, €1, and 5 have positive sensitivity index values, in-
dicating that an increase in these parameters leads to a corresponding rise in the infected
population. Conversely, ¥, U2, U3, ¢1, a1, a9, p, and () have negative sensitivity index val-
ues, meaning an increase in these parameters reduces the infected population. For example,
a 10% increase in the transmission rate, (31, results in a 10% increase in the reproduction
number. In contrast, a 10% increase in the screening rate of latent TB infection, v/, re-
duces R¢ by 6.673668%, while a 10% increase in the screening rate of asymptomatic TB

infections, )5, decreases R by 5.32231%.
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Table 4.3

Parameter values used in the TB and pneumonia co-infection model

Parameter Value Source

A 1514825 year—! KNBS (2023)

Q 0.8 year—! KNBS (2023)

P 0.5 WHO (2023)

U 0.0147 year™! KNBS (2023)
€1, 0.1,0.05 year—! NTLLDP (2019)
ol 0.34 year—! NTLLDP (2022)
D 0.2 year—! NTLLDP (2022)
I3 0.63 year—! NTLLDP (2021)
V4, V5 0.023,0.175 year ! Data fitted

o1 0.6 year—! NTLLDP (2022)
b9, 3, P4 0.5,0.6,0.3 year—* Data fitted

T 0.5 year—! WHO (2023)
72,735 V5 0.7,0.21,0.6 year—! Data fitted

o 0.06 year—! NTLLDP (2021)
ai 0.85 year—! NTLLDP (2020)
Qs 0.8 year! NTLLDP (2021)
as 0.75 year—! NTLLDP (2022)
K 0.08 year—! Data fitted

n 0.0003 Data fitted
€1,€2,€3 0.014,0.065,0.008 Data fitted

b1 0.15 year—! NTLLDP (2021)
Ba 0.21 year—! Data fitted

T4, 75,76, 17,718, 79

0.21,0.03,0.02,0.0016, 0.0042, 0.0031, 0.002,0.0014  Data fitted

Source: Researcher (2024)

Table 4.4

Sensitivity indices of the control reproduction number with respect to selected co-infection

model parameters

Parameter Sensitivity index

B1 +1
€1 +0.877516
€9 +0.174723
Al —0.673668
o —0.532231
Y3 —0.169135
o1 —0.519356
o9 —0.952773
asg —0.440299
0 —0.666667
p —0.666667

Source: Researcher (2024)
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4.5 Numerical Simulation of the Co-infection Model
This section presents the numerical results for modeling pulmonary TB in the presence
of opportunistic pneumonia, along with their discussion. The following subsections are
included: the predicted effects of varying natural immunity, screening rates, treatment rates
for pulmonary TB, and vaccine efficacy on co-infected populations.

4.5.1 Effects of varying natural immunity on the co-infected
populations

This subsection examines the predicted effects of varying natural immunity on preventing
co-infections of pulmonary TB and pneumonia.

In the model flow chart shown in Figures 3.2, n represents natural immunity. Figures 4.20
and 4.21 illustrate the effects of varying natural immunity on TB-pneumonia co-infections.
Anincrease in natural immunity is predicted to reduce cases of TB—pneumonia co-infection,
potentially eliminating the co-infection altogether. Additionally, Figures 4.22 and 4.23
demonstrate that an increase in natural immunity decreases the population of TB-pneumonia
co-infected individuals undergoing treatment. This reduction occurs because enhanced nat-
ural immunity diminishes infection transmission by slowing the progression of latent TB
infections to pulmonary TB disease, thereby significantly lowering the number of individ-
uals requiring treatment for co-infection.

4.5.2 Effects of varying screening rates on co-infected populations
This subsection examines the predicted effects of varying screening rates for latent infec-
tions and asymptomatic infectious pulmonary TB on co-infected populations to illustrate
their impact on infection transmission to susceptible individuals.

In the flow chart depicted in Figures 3.2, 1J; represents the screening rate for latent TB
infections. Figures 4.24 and 4.25 depict the effects of screening the latent infected popu-
lation on TB-pneumonia co-infections. It is observed that increasing the screening rate
for latent infected individuals reduces TB-pneumonia co-infections. Furthermore, Fig-
ures 4.26 and 4.27 illustrate that an increase in the screening rate for latent infected in-
dividuals decreases the population of TB-pneumonia co-infected individuals undergoing

treatment. This reduction is attributed to a decrease in the transmission rate of infections,
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driven by the reduced reactivation of latent infections. Consequently, this reduction not
only decreases the risk of infection transmission to healthcare workers but also alleviates
the strain on resources required for treatment, particularly in sub-Saharan African coun-
tries.

In the flow chart depicted in Figures 3.2, ¥, represents the screening rate for individuals
with asymptomatic infectious TB. Figure 4.28 illustrates the effects of screening individu-
als with asymptomatic infectious TB on the population with TB-pneumonia co-infections,
while Figure 4.29 shows the effects of screening these individuals on TB-pneumonia co-
infected individuals undergoing treatment. An increase in the screening rate for individ-
uals with asymptomatic infectious TB is observed to decrease both the number of indi-
viduals with tuberculosis-pneumonia co-infections and those undergoing treatment for co-
infection. This decrease is attributed to the reduction in the continuous transmission of pul-
monary TB from asymptomatic individuals, which subsequently lowers the rate of infection
transmission and results in fewer people becoming co-infected with TB and pneumonia.

4.5.3 Effects of varying screening rates for the co-infected population
on pulmonary TB

This subsection examines the predicted effects of screening co-infected individuals on the
population infected with pulmonary TB, to assess the impact of co-infections on disease
transmission.

In the model flow chart shown in Figures 3.2, 95 represents the screening rate for symp-
tomatic TB-pneumonia co-infections. Figures 4.30 and 4.31 illustrate the effects of screen-
ing these co-infections on the population infected with pulmonary TB only. An increase
in the screening rate for TB-pneumonia co-infections is observed to reduce the popula-
tion infected with pulmonary TB. This reduction is attributed to the decreased transmission
of pulmonary TB. Co-infection with pneumonia complicates the diagnosis of pulmonary
tuberculosis due to overlapping symptoms, which contributes to a higher transmission rate.

4.5.4 Effects of varying the treatment rate of pulmonary TB disease
on the co-infected population

This subsection highlights the predicted effects of treating pulmonary tuberculosis on the

co-infected population, aiming to determine its contribution to reducing infection transmis-
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sion within the population.

Figures 4.32 and 4.33 illustrate the effects of varying the treatment rate for pulmonary TB
on co-infections. An increase in the treatment of pulmonary TB is observed to decrease
TB-pneumonia co-infections. Additionally, Figures 4.34 and 4.35 illustrate the effects of
varying the treatment rate for pulmonary TB on the population undergoing treatment for
co-infections. An increase in the treatment rate for pulmonary TB decreases the popula-
tion undergoing treatment for TB-pneumonia co-infections. This decrease is attributed to
the reduced transmission of infections resulting from pulmonary TB treatment, which sub-
sequently lowers the number of people co-infected with pulmonary TB and pneumonia,
leading to a reduction in the number of individuals seeking treatment.

4.5.5 Effects of varying vaccine efficacy on co-infected populations
Considering the model flow chart in Figures 3.2, p represents the vaccine efficacy for the
pulmonary TB vaccine. Figures 4.36 and 4.37 illustrate the effects of varying vaccine ef-
ficacy on the populations co-infected with pulmonary TB and pneumonia. It is predicted
that an increase in vaccine efficacy reduces the number of individuals co-infected with
TB and pneumonia. Additionally, a prediction is made regarding the effects of increas-
ing vaccine efficacy on the co-infected population undergoing treatment. An increase in
vaccine efficacy reduces the number of co-infected individuals seeking treatment. This re-
duction occurs because a higher-efficacy vaccine enhances individuals’ immunity, thereby
decreasing the proportion of the population infected with pulmonary tuberculosis and, con-
sequently, significantly reducing the population co-infected with both pulmonary TB and

pneumonia.
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Figure 4.20

Population of individuals with symptomatic TB-pneumonia co-infections at varying levels
of natural immunity
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Figure 4.21

Population of individuals with asymptomatic TB-pneumonia co-infections at varying
levels of natural immunity
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Figure 4.22

Population of symptomatic TB-pneumonia cases receiving treatment at varying levels of
natural immunity.
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Figure 4.23

Population of asymptomatic TB-pneumonia cases receiving treatment at varying levels of
natural immunity.
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Figure 4.24

Effects of varying the screening rate for latent infections on the symptomatic
TB-pneumonia co-infected population

1‘31:0.34

Symptomatic TB-Pneumonia co-infection

0 5 10 15 20
time (years)

Source: Researcher (2024)

Figure 4.25

Effects of varying the screening rate for latent infections on the asymptomatic
TB-pneumonia co-infected population
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Figure 4.26

Effects of varying the screening rate for individuals with latent TB infections on
symptomatic TB-pneumonia cases undergoing treatment.
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Figure 4.27

Effects of varying the screening rate for individuals with latent tuberculosis infections on
asymptomatic tuberculosis-pneumonia cases undergoing treatment.
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Figure 4.28

Effects of varying the screening rate for individuals with asymptomatic TB on the
TB-pneumonia co-infected population.
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Figure 4.29

Effects of varying the screening rate for individuals with asymptomatic TB on the
TB-pneumonia co-infected population undergoing treatment.
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Figure 4.30

Effects of varying the screening rate for TB-pneumonia co-infected individuals on the
population with symptomatic TB.
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Figure 4.31

Effects of varying the screening rate for TB-pneumonia co-infected individuals on the
population with asymptomatic TB.
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Figure 4.32

Effects of varying the treatment rate for individuals with TB on the population co-infected
with symptomatic TB and pneumonia.
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Figure 4.33

Effects of varying the treatment rate for individuals with TB on the population co-infected
with asymptomatic TB and pneumonia
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Figure 4.34

Effects of varying the treatment rate for individuals with TB on the population co-infected
with symptomatic TB and pneumonia undergoing treatment
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Figure 4.35

Effects of varying the treatment rate for individuals with TB on the population co-infected
with asymptomatic TB and pneumonia undergoing treatment
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Figure 4.36

Effects of varying vaccine efficacy on individuals co-infected with symptomatic TB and
pneumonia
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Figure 4.37

Effects of varying vaccine efficacy on individuals co-infected with asymptomatic TB and
pneumonia
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CHAPTER FIVE: CONCLUSION AND RECOMMENDATIONS

5.1 Introduction
In this chapter, conclusions are drawn based on the results obtained in Chapter Four. Ad-

ditionally, recommendations for further research and published works are provided.

5.2 Conclusion

This study focused on modeling pulmonary TB in the presence of opportunistic pneumonia
by incorporating the screening of asymptomatic infectious individuals and accounting for
the role of natural immunity. Two mathematical models were formulated: one to describe
the dynamics of pulmonary TB, and another to describe the co-dynamics of pulmonary TB
and pneumonia. The conclusions derived from the study’s findings are presented as fol-
lows.

The first objective of this study was to formulate a pulmonary TB model that incorporates
an asymptomatic infectious component and natural immunity. This was achieved in Sec-
tion 3.3 through the derivation of a system of nonlinear differential equations describing
the dynamics of pulmonary TB under these conditions.

The second objective was to formulate a pulmonary TB and pneumonia co-infection model
that also incorporates an asymptomatic infectious component and natural immunity. This
was accomplished in Section 3.4 through the derivation of a system of nonlinear differential
equations characterizing the transmission dynamics of TB—pneumonia co-infection under
these conditions.

The conclusions for the third objective, which involved determining the reproduction num-
bers for analyzing the formulated models, are presented as follows.

The control reproduction numbers for the models were determined using the Next Gener-
ation Matrix method, as described in Subsections 4.2.4 and 4.4.4 for the TB model and the
co-infection model, respectively. For the pulmonary TB model, control reproduction num-
bers were computed under various intervention strategies. These are as follows: R¢y g for
vaccination, screening, and treatment of all infected cases; Rogr for screening and treat-
ment of all infected cases; oy for vaccination and treatment of the symptomatic infec-

tious population; and R, for treatment of the symptomatic infectious population alone.
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Numerical simulations predicted the relationship Rovsr < Resr < Revry < Rerg, as
presented in Section 4.3.5. This ordering indicates that the combination of vaccination,
screening, and treatment of all forms of pulmonary TB is the most effective intervention
for reducing transmission. The next most effective strategy is screening and treatment of all
infected cases, followed by vaccination and treatment of symptomatic individuals. Treat-
ing symptomatic cases alone is the least effective strategy.

Analysis of the disease-free equilibria of the two models indicates that the necessary and
sufficient condition for both local and global stability is that the control reproduction num-
bers are less than one, as shown in Subsections 4.2.5,4.2.6, 4.4.5, and 4.4.6. These results
demonstrates that control strategies should aim to ensure that an index case does not, on
average, infect more than one individual during the infectious period. Conversely, analy-
sis of the endemic equilibrium points shows that pulmonary TB and its coexistence with
pneumonia persist in the community if the control reproduction numbers exceed one, as
presented in Subsections 4.2.8,4.2.9, 4.4.8, and 4.4.9.

The bifurcation analysis of the two models showed that the systems did not exhibit back-
ward bifurcation, as presented in Subsections 4.2.10 and 4.4.10 for the TB and co-infection
models, respectively. Therefore, it is possible to eradicate tuberculosis and its coexistence
with pneumonia whenever the control reproduction numbers are less than one.

The fourth objective was to investigate the effects of various model parameters on the
control of pulmonary TB and pneumonia. The conclusions related to this objective are
summarized as follows.

The sensitivity analysis results, presented in Subsections 4.2.11 and 4.4.12, demonstrated
that the control reproduction numbers are inversely proportional to vaccine efficacy, screen-
ing rates for latently infected and asymptomatic infectious individuals, and the treatment
rate. Consequently, higher vaccine efficacy and increased screening rates for latently in-
fected and asymptomatic infectious individuals significantly reduce infection transmission.
Increasing the treatment rate for the symptomatic infectious population also decreases the
spread of infections to susceptible individuals.

Numerical simulations presented in Sections 4.3 and 4.5 further predicted that increases
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in natural immunity, screening rates for latently infected individuals, and vaccine efficacy
each contribute to reducing both the co-infected population and those undergoing treatment
for co-infections. This indicates that enhancing the immunity of latently infected individ-
uals, increasing screening rates, and improving vaccine efficacy are effective strategies for
lowering infection transmission to susceptible individuals.

The simulations also showed that increasing the screening rate for individuals with asymp-
tomatic infectious TB reduces the populations with severe pulmonary tuberculosis, severe
co-infections, and those undergoing treatment for severe disease. This demonstrates that
screening and treating the asymptomatic infectious population can effectively curb the per-
sistent spread of infections to susceptible individuals, thereby lowering transmission rates.
Finally, the simulations predicted that increasing the screening rate for co-infected indi-
viduals leads to a reduction in the population infected with pulmonary TB. This finding
suggests that targeting individuals co-infected with pulmonary tuberculosis and pneumo-
nia is an effective strategy for containing TB. Conversely, increasing the treatment rate for
pulmonary TB was predicted to reduce both the co-infected population and the number of
individuals undergoing treatment for co-infections.

5.3 Recommendations for Future Research

This study has contributed significantly to the understanding of pulmonary TB transmis-
sion within the population and provides a foundation for further research. Future work may
focus on developing optimal and cost-effective control strategies to design interventions
with minimal expenditure, applying stochastic approaches to assess the effects of random-
ness on disease dynamics, employing fractional-order models to enhance the accuracy of
results, and integrating artificial intelligence techniques to improve the identification of
asymptomatic infectious individuals in the population.
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APPENDICES
Appendix A: MATLAB Code for Parameter Estimation

function kirimifminsearch()

clear all; clc;

tdata=[2012,2013,2014,2015,2016,2017,2018,2019,2020,2021,2022];
ydata=[42440,48555,50599,54345,56795,59529,60615,62146,62022,66106,68100];
Q=0.8;

lambda =0.207; betta=0.15; etal =0.0003; eta2 = 0.000002; eta3 = 0.00000126; lambdal
=0.3; lambda2 = 0.8; rtho = 0.6; thetal = 0.34; theta2 = 0.5; gammal = 0.5; gamma2 = 0.7,
gamma3 = 0.21; gamma4 = 0.065; gamma5 = 0.3; theta3 = 0.68; theta4 = 0.023; theta5 =
0.175; phil = 0.6; phi2 = 0.5; phi3 = 0.6; phi4 = 0.1; n = 0.0; alphal = 0.85; alpha2 = 0.8;
alpha3 = 0.75; mu = 0.0147; kapa = 0.003; episilon] = 0.1; episilon2 = 0.03;

k(1) = Q; k(2) =rho; k(3) = miu; k(4) =el; k(5) = e2; k(6) = etal; k(7) = eta2; k(8) = eta3;
k(9) = eta4; k(10) = gammal; k(11) = gamma?2; k(12) = gamma3; k(13) = gamma4; k(14)
= gamma3; k(15) = gamma6; k(16) = alphal; k(17) = alpha2; k(18) = alpha3; k(19) = phil;
k(20) = phi2; k(21) = phi3; k(22) = phi4; k(23) = kappa; k(24) = n; k(25) = betal; k(26) =
beta2; k(27) = omegal; k(28) = omega2;

fxn=@(k)(SEIRsol(k)-ydata); options = optimoptions(’fminsearch’,” Algorithm’, trust-region-
reflective’);

Ib=0*ones(28,1); ub=1*ones(28,1); par = fminsearch(fxn,k,lb,ub,options); fprintf(’
xlswrite("ParameterValuegstimates.xlsx’, par’, 1, C2');

figure(3);

ymodel = SEIRsol(k); Date = datetime(2012,1,1) + calyears(0:length(tdata)-1); hold on
plot(Date,ydata,’-*b’,’ linewidth’,2);

plot(Date,ymodel,’-*r’,’linewidth’,2); xlabel(’ Year’); ylabel(’TB-Pneumonia Prevalence’);

legend("NSDCC Prevalence Data’,’Data Fitted’,”Location’, northeast’) hold off grid on

function ymodel = SEIRsol(k)

S0=50622914; V0=22780311; E0=16874305; R0=5705328; 1a0=30364; 1s0=41733;
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Ta0=21787; Ts0=39738; 1lap0=0.25*42440; Isp0=0.25*42440;
Tap0=0.25*42440;Tsp0=0.25*42440;

yinit =[SO VO EO a0 Is0 Iap0 Isp0 Ta0 TsO TapO TspO RO

[TY]=

ode45(@(t,y,k)SEIRode(t,y,k),linspace(0,length(tdata)),yinit,[],k);
ymodel2=Y(:,6)+Y(:,7)+Y(:;,10)+Y(:,11); ymodel=ymodel2(1:9:length(T)-1); end
function dy = SEIRode(t,y,k) L=1508563; dy =zeros(12,1);
ratios1=linspace(-1,1,5); Sigl=1./(1+exp(-1*ratios1));
ratios2=linspace(-1,1,8); Sig2=1./(1+exp(-1*ratios2));

X1=Sigl(4); X2=Sig1(3); X3=Sigl(2); n1=Sig2(8); n2=Sig2(7); n3=Sig2(6);
n4=Sig2(5); n5=Sig2(4); n6=Sig2(3); n7=Sig2(2);

lambdal=k(25)*(y(7)*tn1*y(5)+n2*y(6)+n3*y(4)+nd*y(11)+n5*y(9)
+n6*y(10)+n7*y(8)); lambda2=k(26)*(y(7)+X1*y(6)+X2*y(11)+X3*y(10));

dy(1) = (1-Q)*lambda + kapa*y(13) - lambdal*y(1) - mu*y(1); dy(2) = Q*lambda - (1-
rho)*lambdal*y(2) - mu*y(2); dy(3) = lambdal*y(1) + (1-rho)*lambdal*y(2) ...

- (episilon1/(1+n*y(3)))*y(3) - (episilon2/(1+n*y(3)))*y(3) ... - thetal*y(3) - mu*y(3);
dy(4) = (episilon2/(1+n*y(3)))*y(3) - theta2*y(4) - phil*y(4) - mu*y(4) - lambda2*y(4);
dy(5)= (episilon1/(1+n*y(3)))*y(3) + phil *y(4) - theta3*y(5) - (mu+gammal-+lambda2)*y(5);
dy(6)=lambda2*y(4) - (mu+gammaS5+phi2-+thetad)*y(6); dy(7) =lambda2*y(5) + phi2*y(6)

- (gamma?2+thetaS+mu)*y(7); dy(8) =thetal *y(3) - alphal *y(8) - mu*y(8); dy(9) = theta2*y(4)
+ phi3*y(11) - (alpha2+mu)*y(9);

dy(10) = theta3*y(5) + phid*y(12) - (gamma4d+alpha3+mu)*y(10);

dy(11)=thetad*y(6) - (phi3+mu)*y(11); dy(12) =theta5*y(7) - (mu+phid+gamma3)*y(12);
dy(13) = alphal*y(8) + alpha2*y(9) + alpha3*y(10) - (kapatmu)*y(13);

Appendix B: MATLAB Code for Model Simulation

function dy = phd2(t,y) global pi p m sigma lambda mu rho alpha gamma thetal theta2

omega deltal theta3 psil psi2 global delta2 psi3 betta etal eta2 eta3
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p = 0.78; pi = 0.02072; betta = 1.199883592¢-6; etal = 0.002; eta2 = 0.00002; eta3 =
0.00000126; lambda = 0.3; rho = 0.6; thetal = 0.2; theta2 = 0.5; deltal = 0.02; theta3 =
0.2; omega = 0.8; m = 0.00004; psil = 0.6; psi2 = 0.5; delta2 = 0.05; psi3 = 0.3; gamma =
0.1; alpha = 0.3; sigma = 0.00003; mu = 0.0254;

dy = zeros(9,1);

dy(1) = (1-p)*pi + sigma*y(9) - lambda*y(1) - mu*y(1);

dy(2) = p*pi - (1-tho)*lambda*y(2) - mu*y(2);

dy(3) = lambda*y(1) + (1-rho)*lambda*y(2) ... - (alpha/(1+m*y(3)))*y(3)

- (gamma/(1+m*y(3)))*y(3) ... - thetal*y(3) - mu*y(3); dy(4) = (alpha/(1+m*y(3)))*y(3)
- theta2*y(4) - omega*y(4) - mu*y(4); dy(5) = (gamma/(1+m*y(3)))*y(3) + omega*y(4)
- theta3*y(5) - (mu+deltal)*y(5); dy(6) = thetal*y(3) - psil*y(6) - mu*y(6); dy(7) =
theta2*y(4) - (psi2+mu)*y(7); dy(8) =theta3*y(5) - (delta2+psi3+mu)*y(8); dy(9) =psil *y(6)
+ psi2*y(7) + psi3*y(8) - (sigma+mu)*y(9); end Script file clc; clear;

p=0.8; pi=0.0207; etal =0.0003; eta2 = 0.00002; eta3 = 0.00000126; rho = 0.7; thetal=
0.34; theta2= 0.5; deltal= 0.5; theta3= 0.68; omega = 0.8; psil = 0.85; psi2 = 0.6; delta2=
0.065; psi3 = 0.75; chil =0.05; chi2 = 0.1; sigma = 0.0003; mu = 0.0254;

betta = 0:0.1:1;

Rc =betta .* ... ( (etal*chil*(theta3+deltal+mu) + chil *omega +
chi2*(theta2+mu+omega)) .* (psi3+delta2+mu) .* (psi2+mu) ... + eta3*theta2 ... +
chil*(psi3+delta2+mu)*(theta3+deltal+mu) ...

+ eta2*theta3*(psi2+mu)*(chil *omega+chi2*(theta2+omega+mu)) ) ... .* (((1-p)*pi)/mu
+ ((1-tho)*p*pi)/mu) ... ./ ((chil+chi2+thetal+mu) .* (theta2+omega+mu) .* (theta3+deltal+mu)
¥ (psi2+mu) .* (delta2+psi3+mu) );

figure(1) plot(betta,Rc,’LineWidth’,2) xlabel(’ 3°); ylabel("RL);

gridon; title(’ Reproductionnumbervstransmissionrate’);

tspan = 0:0.001:20; t0 = [1182969 30920683 17923767 127595 200000 500000 50000
113155 2753131];

[t,y] = ode23(@phd2vary, tspan, t0);
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figure(2) plot(t, y(:,1), ’r’, ’LineWidth’, 2); xlabel(’time (years)’); ylabel(’ Asymptomatic
infectious population’); box off; grid on;

Co-infection Code function dy = Cophd2vary(t,y)

global lambda Q n kapa lambdal mu rho episilonl episilon2 lambda2 phil thetal theta2
gammal theta3 global theta4 phi2 gamma5 theta5 gamma2 alphal phi3 alpha2 phi4 gamma4
alpha3 gamma3

Q=0.8; lambda = 0.207; betta=0.15; etal =0.0003; eta2 = 0.000002; eta3 = 0.00000126;
lambdal = 0.3; lambda2 = 0.8; rho = 0.6; thetal = 0.34; theta2 = 0.5; gammal = 0.5;
gamma? = 0.7; gamma3 = 0.21; gamma4 = 0.065; gamma5 = 0.3; theta3 = 0.68; theta4 =
0.023; thetaS = 0.175; phil = 0.6; phi2 = 0.5; phi3 = 0.6; phi4 =0.1; n = 0.0; alphal = 0.85;
alpha2 = 0.8; alpha3 = 0.75; mu = 0.0147; kapa = 0.003; episilon] = 0.1; episilon2 = 0.03;
dy = zeros(13,1);

dy(1) = (1-Q)*lambda + kapa*y(13) - lambdal*y(1) - mu*y(1); dy(2) = Q*lambda - (1-
rho)*lambdal*y(2) - mu*y(2);

dy(3) = lambdal*y(1) + (1-rho)*lambdal*y(2) ... - (episilonl/(1+n*y(3)))*y(3) -
(episilon2/(1+n*y(3)))*y(3) ... - thetal *y(3) - mu*y(3);

dy(4) = (episilon2/(1+n*y(3)))*y(3) - theta2*y(4) - phil*y(4) - mu*y(4) - lambda2*y(4);
dy(5) = (episilonl/(1+n*y(3)))*y(3) + phil *y(4) - theta3*y(5) - (mu+gammal+lambda2)*y(5);
dy(6) =lambda2*y(4) - (mu+gammaS5+phi2-+thetad)*y(6); dy(7) =lambda2*y(5) + phi2*y(6)
- (gamma2+theta5+mu)*y(7); dy(8) =thetal *y(3) - alphal *y(8) - mu*y(8); dy(9) =theta2*y(4)
+ phi3*y(11) - (alpha2+mu)*y(9); dy(10) = theta3*y(5) + phi4*y(12) -
(gammad4-+alpha3+mu)*y(10);

dy(11)=theta4*y(6) - (phi3+mu)*y(11); dy(12) =theta5*y(7) - (mu+phid+gamma3)*y(12);
dy(13) = alphal*y(8) + alpha2*y(9) + alpha3*y(10) - (kapatmu)*y(13);

end

Script file clc; clear;

tspan = 0:0.01:20;

t0 = [1182969 26294166 13442825 59557 37949 57427 66588 ... 300000 40000 91560
57427 66588 12279834];
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[t,y] = ode23(@Cophd2vary, tspan, t0);
figure(3) plot(t, y(:,6), ’b’, ’LineWidth’, 2);

xlabel(’time (years)’); ylabel(’ Asymptomatic TB-Pneumonia treated’); box off; grid on;

hold on; Appendix C
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Pulmonary tuberculosis is among the leading infectious diseases causing mortality worldwide. Therefore, scaling up intervention
strategies to reduce the spread of infections in the population is imperative. In this paper, a population-based compartmental
approach has been employed to formulate a mathematical model of pulmonary tuberculosis that incorporates an asymptomatic
infectious population. The model includes asymptomatic infectious individuals since they spread infections incessantly to
susceptible populations without being noticed, thus contributing to the high rate of infection transmission. Qualitative and
numerical analyses were performed to determine the impact of various intervention strategies on controlling infection trans-
mission in the population. Sensitivity and numerical results indicate that increasing screening of latently infected and
asymptomatic infectious individuals reduces infection transmission to the susceptible population. Numerical results demonstrate
that the combination of vaccination, screening, and treatment of all forms of pulmonary tuberculosis is the most effective
intervention in decreasing infection transmission. Furthermore, a combination of screening and treatment of all forms of
pulmonary tuberculosis proves more effective than a combination of vaccination and treatment of symptomatic infectious
individuals alone. Treating the symptomatic infectious population alone is identified as the least effective intervention for
curtailing infection transmission in the susceptible population. These study findings will guide healthcare officials in making
decisions regarding the screening of latently infected and asymptomatic infectious pulmonary tuberculosis patients, thereby
aiding in the fight against epidemics of this disease.

infectious diseases with latent or exposed phases [3].
During the latent phase of a disease, individuals are
neither infectious nor symptomatic [4]. The evolution of
infectious diseases, taking into consideration the SEIR

1. Introduction

Mathematical modeling is one of the valuable tools that
explore the transmission dynamics of infectious diseases

and assess the impact of various control interventions.
Therefore, mathematical modeling of infectious diseases
is used to guide public health policies and inform
decision-making during epidemics [1, 2]. This paper
employs a classical SEIR transmission mechanism to
formulate a novel model for pulmonary tuberculosis,
aiming to accurately depict its natural progression. The
SEIR model, a widely used compartmental model in
epidemiology, is utilized to forecast the spread of

model, has been discussed by several authors [5-9].
Research suggests that around one-quarter of the global
population harbors latent pulmonary tuberculosis in-
fections [10]. Consequently, an epidemiological model
for pulmonary tuberculosis must account for this latent
population and hence adopts the classical SEIR frame-
work. Within the SEIR model, the population is cate-
gorized into four compartments: Susceptible (S), Exposed
(E), Infectious (I), and Recovered (R) [2].
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Numerous prevention intervention strategies have been developed to curtail the spread of pulmonary tubercu-
losis to susceptible populations. However, pulmonary tuberculosis continues to claim many lives worldwide. In
this paper, a deterministic mathematical model incorporating an asymptomatic infectious population, consid-
ering vaccine efficacy, and vaccination rate, has been formulated. The model includes asymptomatic infectious
individuals since they spread infections incessantly to susceptible populations without being noticed, thus
contributing to the high transmission rate. Sensitivity and numerical analysis have been conducted to investigate
the impact of varying vaccine efficacy and vaccination rates on the transmission of pulmonary tuberculosis in-
fections from the asymptomatic infectious population. The sensitivity and numerical results show that an in-
crease in vaccine efficacy reduces the asymptomatic infectious population and subsequently lowers the
transmission rate of infections. Moreover, an increase in vaccine efficacy was shown to reduce the control
reproduction number due to asymptomatic infectious individuals, thereby decreasing the transmission of pul-
monary tuberculosis to susceptible populations. Further results indicate that an increase in vaccination rate
reduces the control reproduction number due to asymptomatic infectious individuals, consequently lowering the
rate of infection transmission. These findings emphasize the need to develop a vaccine of higher efficacy to
reduce infection transmission to susceptible populations by the asymptomatic infectious individuals. Addition-
ally, the results underscore the importance of increasing vaccination rates to eradicate pulmonary tuberculosis
from the population.

1. Introduction insufficient for curtailing infection transmission in susceptible pop-

ulations [4]. Consequently, ongoing research endeavors aim to develop

Pulmonary tuberculosis has claimed and continues to claim
numerous lives worldwide. For instance, in Kenya alone, approximately
32,000 people succumbed to the disease in 2022 [1]. This high mortality
rate persists despite the availability of effective treatment strategies to
curb its spread. The efforts to eradicate pulmonary tuberculosis face
challenges due to the inadequacy of tools for preventing infection
transmission among susceptible populations [2]. Therefore, there is an
urgent need for intensified research and innovation aimed at preventing
infection transmission globally. Specifically, research focused on
developing highly effective vaccines and implementing suitable vacci-
nation strategies is paramount [3].

At present, Bacillus Calmette-Guérin (BCG) stands as the sole vaccine
employed for preventing pulmonary tuberculosis transmission. How-
ever, its preventive efficacy is only approximately 50%, rendering it

* Corresponding author.
E-mail address: ercmutwiri@gmail.com (E.M. Kirimi).

https://doi.org/10.1016/j.imu.2024.101470

new and more efficacious vaccines against pulmonary tuberculosis, with
several candidates undergoing various stages of clinical testing [3].
Mathematical modeling approaches can predict the potential impact of
these novel vaccines on pulmonary tuberculosis containment [3]. For
instance, such models are instrumental in assessing vaccine efficacies
and furnishing insights into the long-term effectiveness of vaccination
programs. Furthermore, mathematical models aid in determining
optimal and cost-effective vaccination coverage necessary for disease
eradication within the population [5].

Mathematical modeling approaches have been instrumental in
studying complex biological processes [6-11]. The intricate and un-
predictable transmission patterns of pulmonary tuberculosis can thus be
elucidated through mathematical modeling techniques [12]. Mathe-
matical modeling of infectious diseases plays a crucial role in

Received 23 January 2024; Received in revised form 5 March 2024; Accepted 6 March 2024
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2352-9148/© 2024 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

nc-nd/4.0/).
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